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ABSTRACT
Mortaza  Mani 
Old Dominion U n i v e r s i t y ,  1988
D i r e c t o r :  Dr .  S u r e n d r a  N. T iw ar i
The t w o - d i m e n s i o n a l  t i m e  d e p e n d e n t  N a v i e r - S t o k e s  e q u a t i o n s  a r e  used  
t o  i n v e s t i g a t e  s u p e r s o n i c  f l o w s  u n d e r g o i n g  f i n i t e  r a t e  chemi ca l  r e a c t i o n  
and r a d i a t i o n  i n t e r a c t i o n  f o r  a h y d r o g e n - a i r  s y s t e m .  The e x p l i c i t  
m u l t i - s t a g e  f i n i t e  volume t e c h n i q u e  o f  Jameson i s  used  t o  adv ance  t h e  
g o v e r n i n g  e q u a t i o n s  i n  t i m e  u n t i l  co n v e r g e n c e  i s  a c h i e v e d .  The 
c h e m i s t r y  s o u r c e  te rm  in  t h e  s p e c i e s  e q u a t i o n  i s  t r e a t e d  i m p l i c i t l y  t o  
a l l e v i a t e  t h e  s t i f f n e s s  a s s o c i a t e d  w i t h  f a s t  r e a c t i o n s .  The m u l t i ­
d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r  e q u a t i o n s  f o r  a nongr ay  model a r e  
p r o v i d e d  f o r  a g e n e r a l  c o n f i g u r a t i o n ,  and t h e n  re duced  f o r  a p l a n e r  
g e o m e t r y .  Both p s e u d o - g r a y  and nongray  models a r e  used t o  r e p r e s e n t  t h e  
a b s o r p t i o n - e m i s s i o n  c h a r a c t e r i s t i c s  o f  t h e  p a r t i c i p a t i n g  s p e c i e s .
The s u p e r s o n i c  i n v i s c i d  and v i s c o u s ,  n o n r e a c t i n g  f l o w s  a r e  s o l v e d  
by employ ing  t h e  f i n i t e  volume t e c h n i q u e  of  Jameson and t h e  u n s p l i t  
f i n i t e  d i f f e r e n c e  scheme o f  MacCormack. The s p e c i f i c  p roblem c o n s i d e r e d  
i s  o f  t h e  f low  in a chan ne l  w i t h  a t e n  d e g r e e  c o n p r e s s i o n - e x p a n s i o n  
ramp.  The c a l c u l a t e d  r e s u l t s  a r e  compared w i t h  t h e  r e s u l t s  o f  an upwind 
scheme.  The problem o f  c h e m i c a l l y  r e a c t i n g  and r a d i a t i n g  f lo ws  a r e  
s o l v e d  f o r  t h e  f low o f  pr emixed  h y d r o g e n - a i r  t h r o u g h  a channe l  wi th  
p a r a l l e l  b o u n d a r i e s ,  and a channel  w i th  a co m p r e s s io n  c o r n e r .  R e s u l t s  
o b t a i n e d  f o r  s p e c i f i c  c o n d i t i o n s  i n d i c a t e  t h a t  t h e  r a d i a t i v e  i n t e r a c t i o n
can have  a s i g n i f i c a n t  i n f l u e n c e  on t h e  e n t i r e  f low  f i e l d .
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C h ap ter 1
INTRODUCTION
In  t h e  l a s t  s e v e r a l  y e a r s ,  t h e r e  has  been  a g r e a t  d e a l  o f  r e s e a r c h  
to w a rd  dev e lo p m en t  o f  a h y p e r s o n i c  t r a n s a t m o s p h e r i c  v e h i c l e .  At t h e  
NASA La n g le y  R e s e a r c h  C e n t e r ,  t h e  h y d r o g e n - f u e l e d  s u p e r s o n i c  c o m bu s t io n  
r a m j e t  ( s c r a m j e t )  e n g i n e  has  been a s t r o n g  c a n d i d a t e  f o r  p r o p e l l i n g  such 
a v e h i c l e .  Both e x p e r i m e n t a l  and num e r i c a l  t e c h n i q u e s  a r e  b e in g  
employed f o r  a b e t t e r  u n d e r s t a n d i n g  o f  t h e  complex f lo w  f i e l d  i n  
d i f f e r e n t  r e g i o n s  o f  t h e  e n g i n e .  Numerica l  m o d e l i n g  o f  t h e  f lo w  in  
v a r i o u s  s e c t i o n s  ha s  p roven  t o  be a v a l u a b l e  t o o l  f o r  g a i n i n g  more 
i n s i g h t  i n t o  t h e  complex n a t u r e  o f  t h e s e  f lo w s  [ 1 - 5 ] * .
Dur ing  t h e  p a s t  two d e c a d e s ,  a t r e m e n d o u s  p r o g r e s s  has been made i n  
t h e  f i e l d  o f  r a d i a t i v e  e n e r g y  t r a n s f e r  i n  nonhomogeneous non gr ay  g ase o u s  
s y s t e m s .  In r e c e n t  y e a r s ,  r a d i a t i o n  h e a t  t r a n s f e r  has r e c e i v e d  
a t t e n t i o n  b e c a u s e  o f  i t s  a p p l i c a t i o n  in  f i r e  and c o m b u s t i o n  r e s e a r c h ,  
e n t r y  and r e e n t r y  phenomena ,  and h y p e r s o n i c  p r o p u l s i o n .  In t h e  
h y p e r s o n i c  p r o p u l s i o n  s y s t e m ,  t h e  t e m p e r a t u r e  r a n g e s  f rom 1000-5000 K. 
In t h i s  r a n g e ,  v a r i o u s  non sy mm et r ic  m o l e c u l e s  such  as  i ^ O ,  CO2  and OH 
become h i g h l y  r a d i a t i v e  p a r t i c i p a t i n g .  I n f r a r e d  a b s o r p t i o n  and e m i s s i o n  
o f  t h e r m a l  r a d i a t i o n  i s  a c o n s e q u e n c e  o f  c o u p l e d  v i b r a t i o n a l  and 
r o t a t i o n a l  e n e r g y  t r a n s i t i o n s .  D ia to m ic  m o l e c u l e  i s  t h e  s i m p l e s t
*The numbers i n  b r a c k e t s  i n d i c a t e  r e f e r e n c e s .
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2m o l e c u l e  t h a t  w i l l  unde rgo  such  t r a n s i t i o n s .  However,  sy mm et r ic  
d i a t o m i c  m o l e c u l e s ,  such as H2 , O2  and N2 , have no permanen t  d i p o l e  
moment and t h u s  a r e  t r a n s p a r e n t  t o  i n f r a r e d  r a d i a t i o n .  For  unsymm etr ic  
d i a t o m i c  and t r i a t o n i c  m o l e c u l e s ,  such as OH, CO, CO2  and H2 O, t h e  
i n f r a r e d  s p e c t r u m  w i l l  c o n s i s t  o f  funda me nta l  v i b r a t i o n - r o t a t i o n  bands 
o c c u r r i n g  a t  t h e  fundam en ta l  v i b r a t i o n a l  f r e q u e n c i e s  of  t h e  m o le c u le  
f o l l o w e d  by t h e  o v e r t o n e  and c o m b in a t io n  bands [ 6 ] .
In t h e  p a s t ,  r a d i a t i v e  t r a n s f e r  a n a l y s i s ,  due t o  t h e  c o m p l e x i t y  of  
t h e  f o r m u l a t i o n s  and t h e  compu te r  r e s o u r c e  r e q u i r e m e n t s ,  was l i m i t e d  t o  
o n e - d i m e n s i o n a l  f o r m u l a t i o n s .  Even f o r  o n e - d i m e n s i o n a l  c a s e s ,  t h e  non­
g ra y  r a d i a t i v e  h e a t  t r a n s f e r  c a l c u l a t i o n s  r e q u i r e d  enormous amount o f  
c o m p u t a t i o n a l  t i m e .  I m p o r t a n t  works in  nongr ay  o n e - d i m e n s i o n a l  
f o r m u l a t i o n  a r e  r ev iewed  i n  R e f s .  6 - 9 .
S i n c e  t h e  l a c e  1 9 6 0 ' s ,  e f f o r t s  have  been d i r e c t e d  tow ard  
f o r m u l a t i n g  e f f i c i e n t  and a c c u r a t e  m u l t i - d i m e n s i o n a l  e q u a t i o n s  f o r  
r a d i a t i v e  t r a n s f e r .  La tko  and Pomraning  [ 1 0 ]  s u g g e s t e d  a s y n t h e s i s  
method f o r  s o l v i n g  t w o - d i m e n s i o n a l  t i m e  d e p e n d e n t  r a d i a t i v e  t r a n s f e r  
e q u a t i o n s .  The s y n t h e s i s  method i s  an a t t e m p t  t o  r e d u c e  t h e  computer  
t i m e  r e q u i r e m e n t s  by c o n s t r u c t i n g  t h e  tw o - d i m e n s i o n a l  p roblem from a 
sm al l  number o f  o n e - d i m e n s i o n a l  c a l c u l a t i o n s .  The method i s  a l t e r n a t e d  
f rom c y c l e  t o  c y c l e .  On odd c y c l e s ,  t h e  t w o - d i m e n s i o n a l  c a l c u l a t i o n  i s  
c o n s t r u c t e d  from N o n e - d i m e n s i o n a l  x - d i r e c t i o n  ( y = c o n s t . )  c u t s .  On even 
c y c l e s ,  t h e  t w o - d i m e n s i o n a l  c a l c u l a t i o n  i s  c o n s t r u c t e d  from fl one ­
d i m e n s i o n a l  y - d i r e c t i o n  ( x - c o n s t . )  c u t s .  Berg and C r o s b i e  [ 1 1 ]  
d e v e lo p e d  an e x a c t  f o r m u l a t i o n  f o r  t h e  r a d i a t i v e  f l u x  and e m i s s i v e  power 
f o r  a tw o - d i m e n s i o n a l  f i n i t e  p l a n e r ,  a b s o r b i n g - e m i t t i n g  g ra y  medium in  
r a d i a t i v e  e q u i l i b r i u m .  Exac t  e x p r e s s i o n s  were o t t a i n e d  f o r  a medium
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3s u b j e c t e d  t o  t h e  f o l l o w i n g  t y p e s  o f  bou nd a ry  c o n d i t i o n s :  (4)  c o s i n e
v a r y i n g  c o l l i m a t e d  r a d i a t i o n ,  (B) a s t r i p  o f  c o l l i m a t e d  r a d i a t i o n ,  (C) 
c o s i n e  v a r y i n g  d i f f u s e  r a d i a t i o n ,  and (D) a u n i fo rm  t e m p e r a t u r e  s t r i p .  
The s o l u t i o n  f o r  t h e  c o s i n e  v a r y i n g  c o l l i m a t e d  r a d i a t i o n  model was used  
t o  c o n s t r u c t  t h e  s o l u t i o n s  f o r  t h e  o t h e r  boun da ry  c o n d i t i o n s .  The two-  
d i m e n s i o n a l  e q u a t i o n s  were  re d u c e d  t o  o n e - d i m e n s i o n a l  e q u a t i o n s  by t h e  
method o f  s e p a r a t i o n  o f  v a r i a b l e s .
T s a i  and Chan [ 1 2 ]  p r e s e n t e d  a g e n e r a l  f o r m u l a t i o n  o f  r a d i a t i v e  
h e a t  f l u x  and i t s  d i v e r g e n c e  f o r  m u l t i - d i m e n s i o n a l  r a d i a t i v e  prob lem s 
i n v o l v i n g  nongray  a b s o r b i n g - e m i t t i n g  g a s e s .  The e x p r e s s i o n s  o b t a i n e d  
a r e  i n  t e r m s  o f  t o t a l  band a b s o r p t a n c e  r a t h e r  t h a n  t h e  s p e c t r a l  a b s o r p ­
t i o n  c o e f f i c i e n t s .  Thus t h e  e x p r e s s i o n s  a r e  more com pa c t .  Modest  [ 1 3 ]  
d e v e lo p e d  a new m u l t i - d i m e n s i o n a l  model t o  c a l c u l a t e  t h e  s p e c t r a l l y -  
i n t e g r a t e d  t o t a l  r a d i a t i v e - f l u x  f o r  a m o l e c u l a r  gas  band base d  on t h e  
s o l u t i o n  of  two s i m p l e  d i f f e r e n t i a l  e q u a t i o n s .  T h is  model employs  t h e  
e x p o n e n t i a l - w i d e  band model a n d ,  t h e r e f o r e ,  c o n s i d e r a b l y  r e d u c e s  t h e  
nu m e r i c a l  e f f o r t s  r e q u i r e d .  Yuen and Wong [ 1 4 ]  s o l v e d  t w o - d i m e n s i o n a l  
r a d i a t i v e  t r a n s f e r  e q u a t i o n s  f o r  g r a y  medium by a p o i n t  a l o c a t i o n  method 
in  which t h e  t e m p e r a t u r e  p r o f i l e  i s  e x p r e s s e d  as a po lyn omi a l  o f  a 
s u c c e s s i v e l y  h i g h e r  o r d e r .  I t  was shown t h a t  t h e  t e c h n i q u e  p r o v i d e s  a 
r a p i d  c o n v e r g e n c e  i n  c o m par i s on  t o  t h e  H o t t e l ' s  Zonal  Method [ 1 5 ]  w i t h  
t h e  same number of  unknowns.  T h e i r  a p p r o a c h  r e p r e s e n t s  a r e d u c t i o n  in  
c o m p u t a t i o n a l  t i m e  by ab o u t  one o r d e r  o f  m a g n i t u d e .  Th is  t e c h n i q u e  
r e q u i r e s  t h e  e v a l u a t i o n  of  f i n i t e  number of  s i n g l e  i n t e g r a l s  f o r  a 
c o m p l e t e  s o l u t i o n  t o  t h e  prob le m .
In t h e  com b u s t io n  t e m p e r a t u r e  r a n g e ,  some d i a t o m i c  and t r i a t o m i c  
m o l e c u l e s  a r e  h i g h l y  r a d i a t i v e  p a r t i c i p a t i n g  s p e c i e s .  V a r io u s
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4i n v e s t i g a t o r s  have  s t u d i e d  t h e  e f f e c t  o f  r a d i a t i v e  t r a n s f e r  f o r  c h a n n e l  
f l o w s .  M a r t i n  and Hwuang [ 1 6 ]  s o l v e d  t h e  e n e r g y  e q u a t i o n  f o r  s team 
f l o w i n g  be tween  two p a r a l l e l  b l a c k  w a l l s .  The f l ow  was assumed t o  be 
s t e a d y  and t h e  r a d i a t i o n  t r a n s f e r  i n  t h e  f l o w  d i r e c t i o n  was n e g l e c t e d .  
I t  was shown t h a t  t h e  r a d i a t i v e  f l u x  pe ak s  a t  a smal l  d i s t a n c e  f rom t h e  
w a l l ,  i n s t e a d  o f  a t  t h e  w a l l .  T h is  e f f e c t  was a l s o  n o t e d  by V i s k a n t a  in  
a g r a y  a n a l y s i s  o f  r a d i a t i o n  and c o n v e c t i o n  be tween  p l a t e s  o f  c o n s t a n t  
t e m p e r a t u r e s  [ 1 7 ] .  T h i s  i s  b e c a u s e  a t  t h e  w a l l  t h e  e f f e c t  o f  p o s i t i v e  
r a d i a n t  h e a t  f l u x  f rom t h e  w a l l  i s  p a r t i a l l y  c a n c e l l e d  by t h e  n e g a t i v e  
f l u x  f rom t h e  l a y e r s  o f  ho t  gas n e x t  t o  t h e  w a l l .  At sm a l l  d i s t a n c e s  
i n t o  t h e  s t r e a m ,  howe ve r ,  t h e  f l u x  from b o th  t h e  wal l  and t h e  h o t  gas 
combine t o  g i v e  a maximum h e a t  f l u x .  Kobiyama e t  a l .  [ 1 8 ]  s t u d i e d  t h e  
problem o f  combined r a d i a t i o n  and c o n v e c t i o n  f o r  c o m p r e s s i b l e  l a m i n a r  
f l o w  be tween  two i s o t h e r m a l  p a r a l l e l  p l a t e s .  A co m par i so n  between  
t e m p e r a t u r e  p r o f i l e s  c a l c u l a t e d  w i th  t h e  t r e a t m e n t  o f  o n e -  and two-  
d i m e n s i o n a l  r a d i a t i o n  shows a c o n s i d e r a b l e  t e m p e r a t u r e  d i f f e r e n c e  a t  t h e  
e n t r a n c e  r e g i o n  o f  t h e  h e a t i n g  z o n e .  The p ro b le m  o f  combined c o n v e c t i o n  
and r a d i a t i o n  i n  a r e c t a n g u l a r  d u c t  was a l s o  s t u d i e d  by Im and A h lu w a l i a  
[ 1 9 ]  f o r  c o m p r e s s i b l e  t u r b u l e n t  f l o w s .  The moment method was employed 
i n  t h i s  s t u d y  t o  s o l v e  t h e  r a d i a t i v e  f l u x  e q u a t i o n .  T h i s  method r e d u c e s  
t h e  g e n e r a l  r a d i a t i o n  t r a n s p o r t  e q u a t i o n s  t o  a s e t  o f  e q u a t i o n s  i n  x ,  y ,  
and z d i r e c t i o n s .  I t  was c o n c l u d e d  t h a t  t h e  r a d i a t i v e  t r a n s f e r  c a u s e s  
t h e  t h e r m a l  bo u n d a ry  l a y e r  t o  grow and s k i n  f r i c t i o n  t o  d e c r e a s e .  The 
v e l o c i t y  p r o f i l e  v/as no t  a f f e c t e d  by t h e  r a d i a t i v e  h e a t  t r a n s f e r .
Chung and Kim [ 2 0 ]  s o l v e d  a t w o - d i m e n s i o n a l  combined mode h e a t  
t r a n s f e r  p ro b lem by u s i n g  t h e  f i n i t e  e l e m e n t  t e c h n i q u e .  The e f f e c t  of  
s c a t t e r i n g  was a l s o  i n c l u d e d  in  t h e  r a d i a t i v e  f o r m u l a t i o n .  I t  v/as
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5c o n c l u d e d  t h a t  t h e  s t a n d a r d  G a l e r k i n  f i n i t e  e l e m e n t s  may be used  i f  t h e  
c o n v e c t i o n  d o m i n a t i o n  i s  r e l a t i v e l y  smal l  (Re P r  < 1 0 0 0 ) .  I f  c o n d u c t i o n  
e n e r g y  t r a n s f e r  d o m i n a t e s  o v e r  r a d i a t i o n ,  t h e r e  a r e  few e f f e c t s  o f  
o p t i c a l  t h i c k n e s s  on t h e  t e m p e r a t u r e  p r o f i l e  i n  t h e  a b s e n c e  o f  
s c a t t e r i n g .  For  c o n v e r g i n g  c h a n n e l s ,  t h e  r a d i a t i o n  e f f e c t  on t h e  
t e m p e r a t u r e  p r o f i l e s  i s  i n s i g n i f i c a n t  even when c o n d u c t i o n  and 
c o n v e c t i o n  a r e  s m a l l .
T iw a r i  and S ingh [ 2 1 ,  22]  i n v e s t i g a t e d  t h e  t r a n s i e n t  r a d i a t i v e  
i n t e r a c t i o n s  o f  n o ngray  a b s o r b i n g - e m i t t i n g  s p e c i e s  i n  l a m i n a r  f u l l y  
d e v e l o p e d  f lo w s  be tw een  two p a r a l l e l  p l a t e s .  The p a r t i c u l a r  s p e c i e s  
c o n s i d e r e d  were  OH, CO, CO2 , H2 O and d i f f e r e n t  m i x t u r e  o f  t h e s e  
s p e c i e s .  T h e i r  r e s u l t s  d e m o n s t r a t e d  t h a t ,  H2 O i s  a h i g h l y  r a d i a t i o n  
p a r t i c i p a t i n g  s p e c i e s  as compared t o  CO2 , CO and OH. The e f f e c t s  o f  
r a d i a t i o n  i n c r e a s e  w i t h  i n c r e a s i n g  p l a t e  s p a c i n g ,  and t h e  r a d i a t i v e  
t r a n s f e r  i s  more pro nou nc ed  a t  h i g h e r  w a l l  t e m p e r a t u r e s  and p r e s s u r e s .  
I t  was a l s o  shown t h a t  o p t i c a l l y  t h i n  l i m i t s  o v e r e s t i m a t e  t h e  i n f l u e n c e  
o f  r a d i a t i o n .  S o u f i a n i  and T a ine  [ 2 3 ]  s t u d i e d  t h e  H 2 0 - a i r  m i x t u r e s  f o r  
t h e  above geomet ry  and r e a c h e d  t h e  same c o n c l u s i o n s .
James  and  Edwards [ 2 4 ]  added t h e  n o n g ra y  r a d i a t i o n  d e s c r i b e d  by t h e  
e x p o n e n t i a l  model f o r  m o l e c u l a r  gas  bands  t o  t h e  n u m e r i c a l  s o l u t i o n  of  
t u r b u l e n t  c o m bus t io n  o f  methane  in  a p l a n n e r ,  e n c l o s e d ,  j e t - d i f f u s i o n  
f l a m e .  The p l a n n e r  j e t  o f  methane  was i n j e c t e d  w i t h  v e l o c i t y  U^u e -[ i n t o  
a s t r e a m  o f  a i r  f l o w i n g  w i th  v e l o c i t y  Uai- r  p a r a l l e l  t o  t h e  f u e l .  
D i f f u s i o n - c o n t r o l l e d  comb us t ion  o c c u r r e d  i n  t h e  m ix in g  r e g i o n  o f  t h e  
j e t .  P l a n e - p a r a l l e l  i s o t h e r m a l  b l a c k  w a l l s  s y m m e t r i c a l l y  l o c a t e d  above 
and be low t h e  j e t  formed t h e  com bus t io n  chamber .  A s o o t - f r e e  f l am e  was 
assumed t o  e x i s t  so t h a t  t h e  m o l e c u l a r  gas  bands  d e t e r m i n e d  t h e  t h e r m a l
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6r a d i a t i v e  t r a n s f e r  t o  t h e  w a l l s .  In t h i s  s t u d y ,  40 p e r c e n t  o f  t h e  
c o m p u ta t io n  t i m e  was d e v o t e d  t o  t h e  r a d i a t i o n  c a l c u l a t i o n .  The goa l  o f  
t h e  s t u d y  was t o  show t h e  e f f e c t  o f  r a d i a t i o n  upon c o m bus t io n  
t e m p e r a t u r e s  f o r  d i f f e r e n t  channel  s i z e s .  Thre e  channe l  w i d t h s  of  0 . 2 ,
2 . 0  and 2 0 . 0  m e t e r s  were s e l e c t e d .  I t  was no ted  t h a t  as  t h e  channe l  
w id th  r e d u c e d ,  t h e  e f f e c t s  o f  r a d i a t i o n  were  a l s o  r e d u c e d ,  and f o r  t h e  
channe l  wid th  o f  0 .2m,  t h e r e  was no e f f e c t  on t h e  t e m p e r a t u r e  p r o f i l e .
F o r  t h e  n u m e r i c a l  i n v e s t i g a t i o n  o f  c h e m i c a l l y  r e a c t i n g  and r a d i a t ­
ing  f l o w s ,  an a p p r o p r i a t e  c h e m i s t r y  model must  a l s o  be s e l e c t e d .  
Depending on t h e  r a t i o  o f  t h e  chemica l  and f l u i d  dynamic t i m e  s c a l e s ,  
t h e  s u i t a b l e  c h e m i s t r y  model co u ld  be a f r o z e n  f low m od e l ,  a f i n i t e  r a t e
mo de l ,  an e q u i l i b r i u m  mode l ,  o r  a c o m ple te  r e a c t i o n  mode l .  In g e n e r a l ,
t h e  f i n i t e - r a t e  model i s  t h e  most  a c c u r a t e  o n e .  In  t h e  l a s t  s e v e r a l  
y e a r s ,  a number o f  f i n i t e  r a t e  c h e m i s t r y  models  f o r  h y d r o g e n - a i r  sys tems  
have been i n t r o d u c e d  i n  t h e  l i t e r a t u r e .  Rogers  and Sc hexna yde r  [2 5 ]  
p ro posed  as many as 60 r e a c t i o n  p a t h s  in  t h e i r  mode l ;  t h i s  i s  c e r t a i n l y  
one o f  t h e  most  c o m p l e t e  r e p r e s e n t a t i v e s  of  h y d r o g e n - a i r  r e a c t i o n .  
U n f o r t u n a t e l y ,  t h e  enormous number o f  r e a c t i o n  p a t h s  and chemica l  
s p e c i e s  i n v o l v e d  i n  t h e  model makes i t  u n f e a s i b l e  f o r  nu me r i ca l  
i n v e s t i g a t i o n  o f  e n g i n e e r i n g  p r o b l e m s .  I n t e r m e d i a t e  l e v e l  models a r e  
r educed  t o  12 s p e c i e s ,  25 r e a c t i o n  p a t h s ,  e i g h t  s p e c i e s  and e i g h t  
r e a c t i o n  p a t h s  [ 2 6 ] .  Exc ep t  f o r  some i n a c c u r a c i e s  d u r i n g  t h e  i g n i t i o n  
d e l a y  p e r i o d ,  t h e  e i g h t  r e a c t i o n  models pe r for m  as  we l l  as t h e  25 -
r e a c t i o n  p a t h  model .  Al though t h e s e  models  a r e  l e s s  t e d i o u s  t h a n  t h e  
6 0 - p a t h  mod el ,  t h e y  a r e  e x p e c t e d  t o  be t o o  c o s t l y  f o r  us e  in  r o u t i n e  
p a r a m e t r i c  s t u d i e s .  The g l o b a l  t w o - s t e p  c h e m i s t r y  model o f  Rogers  and 
C h i n i t z  [ 2 7 ]  i s  an i n e x p e n s i v e  and a t t r a c t i v e  model f o r  p r im a ry
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7i n v e s t i g a t i o n  o f  r e a c t i n g  f l o w s .  T h is  model was deduced  by f i t t i n g  t h e  
t e m p e r a t u r e  h i s t o r y  o f  a 2 8 - r e a c t i o n  model [ 2 5 ]  us ed  i n  a s e r i e s  of  
c o n s t a n t - p r e s s u r e  s t r e a m - t u b e  c a l c u l a t i o n s .  The re  a r e  a number o f  
l i m i t a t i o n s  t o  t h i s  mode l ,  such as  i g n i t i o n  p h ase  i n a c c u r a c y  and a 
t e n d e n c y  t o  o v e r p r e d i c t  t h e  f la m e  t e m p e r a t u r e .  But as  p o i n t e d  ou t  
e a r l i e r ,  i t  i s  c o n s i d e r e d  t o  be an a p p r o p r i a t e  model f o r  t h e  i n i t i a l  
p a r a m e t r i c  s t u d y  o f  o v e r a l l  mix ing  and e x t e n t  o f  c o m b u s t i o n .
The g l o b a l  t w o - s t e p  c h e m i s t r y  model was used s u c c e s s f u l l y  by 
s e v e r a l  i n v e s t i g a t o r s  t o  s o l v e  c h e m i c a l l y  r e a c t i n g  s u p e r s o n i c  f l o w s .  
Drummond e t  a l .  [ 2 ]  u se d  t h e  g l o b a l  c h e m i s t r y  model t o  s o l v e  t h e  f lo w  in  
a r a p i d  e x p a n s i o n  n o z z l e .  The g o v e r n i n g  e q u a t i o n s  d e s c r i b i n g  t h e  f l ow  
were  s o l v e d  by t h e  t w o - s t a g e  R unge -K ut ta  method f o r  i n t e g r a t i n g  i n  t i m e ,  
and a Chebyshev s p e c t r a l  method f o r  i n t e g r a t i n g  t h e  e q u a t i o n s  i n  
s p a c e .  The r e s u l t s  were  compared w i t h  t h e  two f i n i t e  d i f f e r e n c e  schemes 
o f  Adam-Moulton and MacCornack.  The c o m pa r i son  showed t h a t  t h e  s p e c t r a l  
method w i t h  t h e  R u n g e -K u t t a  Scheme g i v e s  t h e  same a c c u r a c y  on much 
c o a r s e r  g r i d s  as compared t o  t h e  f i n i t e - d i f f e r e n c e  p r o c e d u r e .  Th is  
r e s u l t s  i n  a s i g n i f i c a n t  g a i n  in  t h e  c o m p u t a t i o n a l  e f f i c i e n c y .  B u s s in g  
and Hurman [ 2 8 ]  s o l v e d  t h e  t i m e - d e p e n d e n t  N a v i e r - S t o k e s  e q u a t i o n s  f o r  
s u p e r s o n i c  r e a c t i n g  f l o w s .  S e v e r a l  e f f i c i e n t  a c c e l e r a t i o n  t e c h n i q u e s  
were  used  f o r  c a l c u l a t i n g  s t e a d y  s t a t e  c h e m i c a l l y  r e a c t i n g  s u p e r s o n i c  
f l o w s .  The t e c h n i q u e s  i n c l u d e d  p r e c o n d i t i o n i n g  t h e  c o n s e r v a t i o n  
e q u a t i o n s ,  and a p r e c o n d i t i o n e d  m u l t i p l e - a r i d  a c c e l e r a t o r .  Chi tsomboon 
e t  a l .  [ 4 ]  u sed  t w o - d i m e n s i o n a l  p a r a b o l i z e d  N a v i e r - S t o k e s  and 
p a r a b o l i z e d  s p e c i e s  e q u a t i o n s  t o  i n v e s t i g a t e  s u p e r s o n i c  c h e m i c a l l y  
r e a c t i n g  f l o w s  r e l a t e d  t o  s c r a m j e t - e n g i n e  c o n f i g u r a t i o n s .  A l i n e a r i z e d ,  
f u l l y - c o u p l e d ,  f u l l y - i n p l i c i t  f i n i t e  d i f f e r e n c e  a l g o r i t h m  was u sed  t o
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8d e v e l o p  a c o m p u te r  code  t o  s o l v e  t h e  g o v e r n i n g  e q u a t i o n s  by m a rc h in g  i n  
s p a c e  r a t h e r  t h a n  t i m e .  R e s u l t s  o b t a i n e d  by u s i n g  t h e  p a r a b o l i z e d  
f o r m u l a t i o n  were compared w i t h  t h e  r e s u l t s  o b t a i n e d  by u s i n g  t h e  
e l l i p t i c  e q u a t i o n s .  The c o m p a r i s o n s  i n d i c a t e d  f a i r l y  good ag re e m e n t  
be tween  t h e  r e s u l t s  o f  t h e  two f o r m u l a t i o n s .
A more r e a l i s t i c  c h e m i s t r y  model was used  by Drummond [ 5 ]  i n  
n u m e r i c a l  s i m u l a t i o n  o f  a s u p e r s o n i c  c h e m i c a l l y  r e a c t i n g  m ix in g  l a y e r .  
To e x p l o r e  t h e  b e h a v i o r  o f  such  f l o w s ,  d e t a i l e d  p h y s i c a l  models  o f  
c o n v e c t i v e  and d i f f u s i v e  m ix in g  and f i n i t e  r a t e  che m ic a l  r e a c t i o n  i n  
s u p e r s o n i c  f l o w  were  d e v e l o p e d .  The f i n i t e  r a t e  c h e m i s t r y  model 
c o n s i s t e d  o f  e i g h t e e n  r e a c t i o n  p a t h s  and n i n e  s p e c i e s .  In t h i s  s t u d y ,  
two n u m e r i c a l  a l g o r i t h m s  were  c o n s t r u c t e d  t o  s o l v e  t h e  g o v e r n i n g  
e q u a t i o n s .  The f i r s t  a l g o r i t h m  was d e v e l o p e d  by m o d i f y i n g  t h e  u n s p l i t  
f i n i t e  d i f f e r e n c e  scheme o f  MacCormack. The s econd a l g o r i t h m  employed a 
h y b r i d  p s e u d o - s p e c t r a l  t e c h n i q u e  i n  t h e  normal d i r e c t i o n  t o  t h e  f lo w  f o r  
improved  r e s o l u t i o n  o f  t h e  r e a c t i n g  f lo w  f i e l d .  The f i n i t e  d i f f e r e n c e  
scheme was us ed  i n  t h e  s t r e a n w i s e  d i r e c t i o n .  I t  was s u g g e s t e d  t h a t  more 
a t t e n t i o n  be g iv e n  t o  t h e  d e ve lo pm ent  o f  s p e c t r a l  methods  t h a t  c o u l d  be 
more e a s i l y  a p p l i e d  t o  h ig h  g r a d i e n t  r e g i o n s  l i k e  sh o ck s  i n  s u p e r s o n i c
r e a c t i n g  f l o w s .  The c a s e  c o n s i d e r e d  w i t h  t h e  s p e c t r a l  method was
s h o c k l e s s  and a smal l  d e g r e e  o f  damping was a p p l i e d  in  t h e  r e g i o n s  o f  
h ig h  g r a d i e n t s .  S e v e r a l  i m p o r t a n t  c o n c l u s i o n s  were drawn from t h i s  
s t u d y ,  and i n t e r e s t e d  r e a d e r s  s h o u l d  r e f e r  t o  Ref 5 .  H e r e ,  i t  i s
i m p o r t a n t  t o  p o i n t  o u t  t h a t  t h e  use  o f  a more c o m p l e t e  c h e m i s t r y  model
r a t h e r  t h a n  t h e  g l o b a l  model in  t h e  f l u i d  dynamics  e q u a t i o n s  d id  no t  
r e s u l t  i n  a s e t  o f  t e m p o r a l l y  s t i f f  e q u a t i o n s .
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9I n c o r p o r a t i o n  o f  t h e  f i n i t e  r a t e  c h e m i s t r y  model i n t o  t h e  f l u i d  
dynamics  e q u a t i o n s  can c r e a t e  a s e t  o f  s t i f f  d i f f e r e n t i a l  e q u a t i o n s .  
The s t i f f n e s s  i s  due t o  a d i s p a r i t y  i n  t h e  t i m e  s c a l e s  o f  t h e  go ve r r . in g  
e q u a t i o n s .  In t h e  t i m e - a c c u r a t e  s o l u t i o n ,  a f t e r  t h e  f a s t  t r a n s i e n t s  
have de cayed  and s o l u t i o n s  a r e  ch an g in g  s l o w l y ,  t a k i n g  a l a r g e r  t i m e  
s t e p  i s  n e c e s s a r y  f o r  e f f i c i e n c y  p u r p o s e s ,  b u t  e x p l i c i t  methods  s t i l l  
r e q u i r e  smal l  t i m e  s t e p s  t o  m a i n t a i n  s t a b i l i t y .  An e i g e n v a l u e  proble m 
a s s o c i a t e d  w i t h  s t i f f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  (ODE) has been 
s o l v e d  t o  e x p r e s s  t h i s  p o i n t  c l e a r l y  i n  [ 2 9 ] .  The l i t e r a t u r e  r e l a t e d  t o  
s t i f f  d i f f e r e n t i a l  e q u a t i o n s  i s  no t  r ev ie w ed  i n  t h i s  s t u d y ,  bu t  t h e r e  
a r e  i n t e r e s t i n g  re v ie w s  o f  t h i s  t o p i c  a v a i l a b l e  i n  R e f s .  29 and  3 0 .  One 
way a r ound t h e  pr obl em  i s  t o  u s e  a f u l l y  i m p l i c i t  me th od .  T h i s  method ,  
however ,  r e q u i r e s  t h e  i n v e r s i o n  o f  a b l o c k  m u l t i - d i a g o n a l  sy s t em  o f  
a l g e b r a i c  e q u a t i o n s .  The u se  of  a s e m i - i m p l i c i t  t e c h n i q u e ,  s u g g e s t e d  by 
s e v e r a l  i n v e s t i g a t o r s  [ 2 8 ,  3 1 ,  3 2 ] ,  p r o v i d e s  an a l t e r n a t i v e  t o  t h e  above  
p r o b l e m s .  In t h i s  t e c h n i q u e ,  t h e  s o u r c e  te r m  which i s  t h e  c a u s e  o f  t h e  
s t i f f n e s s  i s  t r e a t e d  i m p l i c i t l y ,  and o t h e r  t e r m s  i n  t h e  g o v e r n i n g  
e q u a t i o n s  a r e  t r e a t e d  e x p l i c i t l y .
The l i t e r a t u r e  s u r v e y  i n d i c a t e s  t h a t  a g r e a t  d e a l  o f  e f f o r t  has 
been d i r e c t e d  to ward  t h e  f o r m u l a t i o n  o f  r a d i a t i v e  h e a t  t r a n s f e r  
e q u a t i o n s .  Most a p p l i c a t i o n s  of  t h e s e  f o r m u l a t i o n s  have been r e s t r i c t e d  
t o  n o n r e a c t i n g  homogeneous s y s t e m s .  Only a l i m i t e d  number of  s t u d i e s  
a r e  a v a i l a b l e  on a p p l i c a t i o n s  of  r a d i a t i v e  e n e rg y  t r a n s f e r  i n  co mb us t io n  
p r o c e s s e s  r o c k e t  e x h a u s t  plume a n a l y s e s ,  and f i r e  r e s e a r c h .  V i r t u a l l y  
no e f f o r t s  have been made t o  i n v e s t i g a t e  t h e  i n t e r a c t i o n  o f  r a d i a t i o n  
h e a t  t r a n s f e r  i n  c h e m i c a l l y  r e a c t i n g ,  v i s c o u s ,  s u b s o n i c  and s u p e r s o n i c  
f l o w s  of  m o l e c u l a r  s p e c i e s .
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The o b j e c t i v e  o f  t h i s  s t u d y  i s  t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  
r a d i a t i v e  h e a t  t r a n s f e r  in  c h e m i c a l l y  r e a c t i n g  s u p e r s o n i c  f low  in a 
s c r a m j e t  c o m b u s t o r .  The p r o d u c t s  o f  h y d r o g e n - a i r  co m bu s t io n  a r e  g a s e s  
such as w a t e r  v a p o r  and hydroxyl  r a d i c a l .  These  s p e c i e s  a r e  h i g h l y  
a b s o r b i n g  and e m i t t i n g .  The p r e s e n c e  o f  such g a s e s  makes t h e  s t u d y  o f  
r a d i a t i v e  h e a t  t r a n s f e r  i n  c h e m i c a l l y  r e a c t i n g  f l o w s  an i m p o r t a n t  
i s s u e .  I t  i s  e s s e n t i a l  t o  employ an a c c u r a t e  and n o n o s c i l l a t o r y  
n u m e r ic a l  scheme t o  s o l v e  t h e  g o v e r n in g  e q u a t i o n s  i n v o l v i n g  r a d i a t i v e  
h e a t  t r a n s f e r .  Th is  i s  b e c a u s e  t h e  r a t e  o f  r a d i a t i v e  h e a t  t r a n s f e r  i s  
i n f l u e n c e d  s t r o n g l y  by t h e  t e m p e r a t u r e  and p r e s s u r e  o f  t h e  medium. 
C o n s e q u e n t l y ,  a n o t h e r  o b j e c t i v e  o f  t h i s  s t u d y  i s  t o  e x p l o r e  t h e  
f e a s i b i l i t y  o f  emp loyin g  t h e  J a m e s o n ' s  f o u r - s t a g e  R unge -K u t ta  t im e  
s t e p p i n g  scheme [ 3 3 ]  f o r  t h e  s o l u t i o n  o f  c h e m i c a l l y  r e a c t i n g  and 
r a d i a t i n g  v i s c o u s  f l o w s .  T h is  scheme has proven  t o  be e f f i c i e n t  and
r o b u s t  f o r  t h e  s o l u t i o n  of  t h e  E u l e r  e q u a t i o n s .  For  t h e  s t e a d y  s t a t e  
s o l u t i o n ,  v a r i o u s  t e c h n i q u e s  can be implemented  t o  a c c e l e r a t e  t h e  
c o n v e r g e n c e  [ 3 4 - 3 6 1 .
A b r i e f  d i s c u s s i o n  o f  t h e  s c r a m j e t  e n g i n e  and t h e  g o v e rn in g  
e q u a t i o n s  a r e  p r e s e n t e d  i n  Chap.  2 .  C h a p t e r  3 p r o v i d e s  t h e  f o r m u l a t i o n  
f o r  n o n g r a y ,  p s e u d o - g r a y ,  and o p t i c a l l y  t h i n  r a d i a t i o n  m o d e l s .  The g r i d  
g e n e r a t i o n  t e c h n i q u e  and s o l u t i o n  p r o c e d u r e s  f o r  t h e  g o v e r n i n g  e q u a t i o n s  
a r e  p r e s e n t e d  in  Chap.  4 .  D i s c u s s i o n  of  t h e  r e s u l t s  f o r  s e v e r a l  
s p e c i f i c  c a s e s  a r e  p r o v i d e d  i n  Chap.  5 ,  and s p e c i f i c  c o n c l u s i o n s  and 
recommendat ions  f o r  f u t u r e  s t u d i e s  a r e  p r o v i d e d  in Chap.  6 .
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Chapter 2
GENERAL FORMULATION
A b r i e f  d i s c u s s i o n  i s  p r e s e n t e d  on v a r i o u s  components  o f  t h e  
s c r a m j e t  e n g i n e .  S p e c i a l  a t t e n t i o n  i s  d i r e c t e d  t o  d i s c u s s i o n  o f  t h e  
b a s i c  e q u a t i o n s  t h a t  a r e  a p p l i c a b l e  i n  a n a l y z i n g  t h e  f l ow  f i e l d  i n  
d i f f e r e n t  p a r t s  o f  t h e  e n g i n e .  The r e l a t i o n s  f o r  t h e  the rmody namic  and 
c h e m i s t r y  models  a r e  a l s o  p r o v i d e d  in  t h i s  s e c t i o n .
2 .1  P h y s i c a l  System and Model
As m e n t i o n e d  in  t h e  i n t r o d u c t i o n ,  t h e  s c r a m j e t  e n g i n e  has  been  a 
c a n d i d a t e  f o r  p r o p e l l i n g  h y p e r s o n i c  v e h i c l e s .  In F i g .  2 . 1 ,  v a r i o u s  a i r -  
b r e a t h i n g  and r o c k e t  p r o p u l s i o n  a l t e r n a t i v e s  a r e  shown [ 3 7 ,  3 8 ] ,  For  
Mach numbers o f  z e r o  t o  t h r e e ,  t u r b o j e t  a i r - b r e a t h i n g  sy s t em s  have  t h e  
h i g h e s t  p e r f o r m a n c e .  Above Mach number o f  t h r e e ,  t u r b i n e  i n l e t  
t e m p e r a t u r e s  c o n s t r a i n  p e r f o r m a n c e ,  and t h e n  t h e  r a m j e t  becomes more 
a t t r a c t i v e .  At a b o u t  a Mach number o f  s i x ,  t h e  p e r f o r m a n c e  o f  t h e  
r a m j e t  i s  g r e a t l y  r e d u c e d .  Th is  i s  due t o  d i s s o c i a t i o n  o f  t h e  r e a c t i o n  
p r o d u c t s ,  which i s  c a u s e d  by s lo w in g  t h e  s u p e r s o n i c  f lo w  t o  s u b s o n i c  
f l o w  t h r o u g h  t h e  normal shock t h a t  e x i s t s  in  a r a m j e t .  T h e r e f o r e ,  i t  i s  
more e f f i c i e n t  t o  a l l o w  t h e  e n g i n e  i n t e r n a l  f lo w  t o  remain a t  a 
s u p e r s o n i c  s p e e d .  Thus f o r  Mach numbers o f  s i x  and be yo nd ,  t h e  f i x e d
geom et r y  s c r a m j e t  i s  c l e a r l y  s u p e r i o r  f o r  p r o p e l l i n g  a v e h i c l e  a t
h y p e r s o n i c  s p e e d .  Hydrogen has been s e l e c t e d  as  t h e  f u e l  f o r  t h e
s c r a m j e t  due t o  i t s  c a p a b i l i t y  o f  c o o l i n g  t h e  e n g i n e  and t h e  a i r f r a m e  
and a l s o  b e c a u s e  o f  i t s  h ig h  im p u ls e  l e v e l .
11
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The s c r a m j e t  e n g i n e  i s  made up o f  s e v e r a l  i d e n t i c a l  modules  and i t  
i s  i n s t a l l e d  u n d e r n e a t h  t h e  a i r c r a f t  as  shown in  F i g .  2 . 2 .  Each module 
i s  made up o f  i n l e t ,  c o m b u s to r  and n o z z l e  r e g i o n s .  As p a r t  o f  t h e  
e n g i n e  d e s i g n  c o n c e p t  [ 3 7 ] ,  t h e  f o r e b o d y  of  t h e  a i r c r a f t  a c t s  as  an 
i n l e t  f o r  p r e c o m p r e s s i o n  and t h e  a f t e r b o d y  as  a n o z z l e  f o r  p o s t  
e x p a n s i o n .
The i n l e t  r e g i o n  s t a r t s  w i t h  t h e  f o r e b o d y  of  t h e  v e h i c l e  and ends 
up w i t h  t h e  minimum c r o s s  s e c t i o n a l  a r e a  o f  each  m od ul e .  In t h e  f i r s t  
p a r t ,  t h e  a i r  f l o w  i s  c o m p res sed  by t h e  o b l i q u e  shock  g e n e r a t e d  f rom t h e  
f o r e b o d y  b e f o r e  i t  e n t e r s  t h e  e n g i n e .  Fo r  n u m e r i c a l  s o l u t i o n ,  t h e  f lo w  
i s  b e s t  r e p r e s e n t e d  by t h e  N a v i e r - S t o k e s  e q u a t i o n  i n  t h e  a c t u a l  i n l e t  
a r e a  o f  t h e  e n g i n e .  Using  t h e  E u l e r  e q u a t i o n  away from t h e  wal l  and t h e  
bo undary  l a y e r  e q u a t i o n  n e a r  t h e  wal l  r e g i o n  can  be c o m p l i c a t e d  by 
o b l i q u e  shock  i n t e r a c t i o n  w i t h  t h e  boundary  l a y e r .  Th is  can  c a u s e  f lo w  
s e p a r a t i o n ,  which means f low  can  n o t  be r e p r e s e n t e d  a c c u r a t e l y  by t h e s e  
e q u a t i o n s .  T h r e e - d i m e n s i o n a l  N a v i e r - S t o k e s  e q u a t i o n s  have  been  employed 
by Kumar [ 1 ]  t o  i n v e s t i g a t e  t h e  f lo w  f i e l d  i n  t h i s  r e g i o n  w i t h  
r e a s o n a b l e  s u c c e s s .  Chi tsomboon e t  a l .  [ 4 ]  have  employed t h e  
p a r a b o l i z e d  N a v i e r - S t o k e s  e q u a t i o n s  w i t h  l i m i t e d  s u c c e s s .
The c o m b u s t o r  r e g i o n  i s  by f a r  t h e  most  complex  p a r t  o f  t h e  
s c r a m j e t  e n g i n e .  As a r e s u l t ,  a g r e a t  dea l  o f  r e s e a r c h  i s  d i r e c t e d  
to w ard  b e t t e r  u n d e r s t a n d i n g  o f  t h e  com bu s t o r  f l o w  f i e l d .  The f l o w  in  
t h i s  r e g i o n  i s  n e a r l y  s u p e r s o n i c ,  b u t  does have s u b s o n i c  r e g i o n s  n e a r  
f u e l  i n j e c t i o n s  ( F i g .  2 . 3 ) .  The f l u i d  dynamics  become c o m p l i c a t e d  by 
t h e  f u e l  i n j e c t i o n ,  f lame h o l d i n g ,  c h e m i s t r y ,  r a d i a t i o n  and 
t u r b u l e n c e .  The f l o w  f i e l d  in  t h i s  r e g i o n  i s  r e p r e s e n t e d  by t h e  N a v i e r -  
S t o k e s  e q u a t i o n s  ( i n c l u d i n g  t u r b u l e n c e ,  c h e m i s t r y  and r a d i a t i o n ) .  In
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t h e  f a r f i e l d  (downst ream o f  t h e  f u e l  i n j e c t i o n  s t r u t ,  where  t h e  f l o w  i s  
o n l y  s u p e r s o n i c ) ,  t h e  f l ow  can be r e p r e s e n t e d  by t h e  p a r a b o l i z e d  N a v i e r -  
S t o k e s  e q u a t i o n s  [ 4 ] .
The n o z z l e  and s u b s u r f a c e  of  t h e  a f t e r b o d y  p r o v i d e  a b o u t  f i f t y  
p e r c e n t  o f  t h e  t h r u s t  a t  Mach number s i x  [ 3 8 ] .  The f l ow t h r o u g h  t h e  
n o z z l e  i s  s u p e r s o n i c .  The c om bus to r  e x i t  f l ow  c o n s i s t s  o f  m u l t i c o m ­
p o n e n t s  o f  t h e  r e a c t i n g  s p e c i e s ,  m u l t i p l e  s h o c k ,  and 3-D v i s c o u s  
e f f e c t s .  For  e n g i n e e r i n g  a c c u r a c y ,  t h e  f low can be r e p r e s e n t e d  by t h e  
p a r a b o l i z e d  N a v i e r - S t o k e s  e q u a t i o n s .
2 . 2  B a s i c  Go v e rn in g  E q u a t i o n s
The t w o - d i m e n s i o n a l  N a v i e r - S t o k e s  and s p e c i e s  c o n t i n u i t y  e q u a t i o n s  
a r e  r e p r e s e n t e d  i n  t h e  p h y s i c a l  domain by
i H  + l £  + i ^ . +  H = 0at  ax ay ( 2 . 1 )
where  v e c t o r s  U, F,  G and H a r e  e x p r e s s e d  a s
U =
p p u o
p u pu + Txx
p v F = PUV + T x y
pE (pE + Txx } u + Txy v + q cx + q rx
a f . .
■o -+
>
r_
1__
* “ f  3 '  »D T F••
Pv
puv + T
2 yX 
G = pV + T
yy
( p E + x  ) v + t  u + q  + q  
yy  f  xy cy ry
p v f  . -  pD — -  
j  3y
H =
0
0
0
0
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The v i s c o u s  s t r e s s  t e n s o r s  i n  t h e  F and 6 t e r m s  o f  Eq.  ( 2 . 1 )  a r e  g i v e n  
as
T = p -  x(—  + — ) -  2 \ x —  ( 2 . 2 a )XX 3X 3y '  V 3X v
T = . U( B  + D i )  ( 2 . 2 b )
xy PV3y ax '
T = P -  x(—  + — ) -  2U ( 2 . 2 c )y y  3x 3 y '  M sy
The q u a n t i t i e s  qcx and qCy in  t h e  F and G t e r m s  a r e  t h e  components  o f  
t h e  c o n d u c t i o n  h e a t  f l u x  and a r e  e x p r e s s e d  as
qcx = " k f x  " pD -z £ ( 3V 8x ) hj ]  (2 - 3 a )
J ^
qcy = " k l y  "  pD -E t a f j / a y j h j ]  ( 2 . 3 b )
where  j
h .  = h® + /  Cp dT; T = 0 K 
j  j  To P j
I t  s h o u l d  be n o t e d  h e r e  t h a t  D r e p r e s e n t s  t h e  e f f e c t i v e  b i n a r y  d i f f u s i o n
c o e f f i c e n t  and i s  us ed  f o r  a l l  s p e c i e s .  Assuming t h a t  t h e  Lewis number
(a /D) i s  u n i t y ,  Eqs .  ( 2 . 3 )  red uce  t o  ( s e e  Appendix A)
q ( 2 . 4 a )Hcx Pr  3 x
q = —  ( 2 . 4 b )cy P r  ay
where
e = h -  P/p
The m o l e c u l a r  v i s c o s i t y ,  i s  assumed t o  be t e m p e r a t u r e  d e p e n d e n t  and 
i t  i s  e v a l u a t e d  from t h e  S u t h e r l a n d ' s  f o r m u l a  as
T 3 /2  To + S
p ,  = - o  ( T - )  r ~ r s  <2 - 5 >
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where  u and T„ a r e  r e f e r e n c e  v a l u e s  f o r  i n d i v i d u a l  s p e c i e s  and S i s  t h e  o o
S u t h e r l a n d  c o n s t a n t .  In t h i s  s t u d y ,  r e f e r e n c e  v a l u e s  were  s e l e c t e d  f o r  
p u r e  a i r  b e c a u s e  t h e  f l o w  i s  dom in a te d  by n i t r o g e n .  The t o t a l  i n t e r n a l
e n e r g y  E in  Eq. ( 2 . 1 )  i s  g iv e n  by
2 , 2  m
E = P/p  + JL E h f  ( 2 . 6 )
* i = l
S p e c i f i c  r e l a t i o n s  a r e  needed f o r  t h e  c h e m i s t r y  and thermodynamic
models  and f o r  t h e  r a d i a t i v e  t r a n s p o r t .  The c h e m i s t r y  and the rmodynamic
models  a r e  d i s c u s s e d  b r i e f l y  in  t h e  f o l l o w i n g  s e c t i o n s .  The f o r m u l a ­
t i o n s  f o r  r a d i a t i v e  t r a n s p o r t  a r e  p r e s e n t e d  in  Chap.  3 .
I n s t e a d  o f  s o l v i n g  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  somet imes i t  
i s  d e s i r a b l e  t o  s o l v e  t h e  i n t e g r a l  form o f  t h e s e  e q u a t i o n s  u s i n g  t h e  
f i n i t e  volume m e th od .  The i n t e g r a l  form o f  t h e  g o v e r n i n g  e q u a t i o n s  can 
be e x p r e s s e d  as
| r  / /  Udxdy + /  M • n ds + f j  H dxdy = 0 ( 2 . 7 )
3 ft an ft
where  n i s  a normal v e c t o r  p o i n t i n g  o u t w a r d ,  a  i s  t h e  r e g i o n  o f  i n t e r e s t
and 3ft i s  t h e  b o u n d a ry  c u r v e .  In t w o - d i m e n s i o n s ,  t h e  volume has  a u n i t
d e p t h .  The second o r d e r  t e n s o r  M in  Eq. ( 2 . 7 )  i s  d e f i n e d  by
H = F i x + G i y  ( 2 . 8 )
where F and G a r e  d e f i n e d  i n  Eq. ( 2 . 1 ) .  E q u a t i o n  ( 2 . 7 )  can be w r i t t e n  
i n  C a r t e s i a n  form as
| i -  / /  Udxdy + /  (Fdy -  Gdx) + / /  H dxdy = 0 ( 2 . 9 )
3 ft 3ft ft
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The f i n i t e  volume f o r m u l a t i o n  i s  used  w i t h  t h e  R unge- K u t ta  t i m e - s t e p p i n g  
scheme.  The d e t a i l s  o f  t h e  f o r m u l a t i o n  and t h e  s o l u t i o n  schemes a r e  
p r e s e n t e d  i n  Chap.  4 .
2 . 3  Ch em is t r y  Model
For  t h e  nu m e r ic a l  s o l u t i o n  o f  r e a c t i n g  f l o w s ,  a c h e m i s t r y  model i s  
needed  t o  r e p r e s e n t  t h e  combus t ion  p r o c e s s .  The c h e m i s t r y  model used in 
t h i s  s t u d y  i s  t h e  t w o - s t e p ,  g l o b a l ,  f i n i t e - r a t e ,  h y d r o g e n - a i r  co m bus t i on  
model d e v e l o p e d  by Rogers  and C h i n i t z  [ 2 7 ] .  T h i s  c h e m i s t r y  model was 
deduc ed  f rom a 28 r e a c t i o n  model and i s  a d e q u a t e  f o r  i n i t i a l  
t e m p e r a t u r e s  be tween  1 , 0 0 0  K and 2 ,0 0 0  K and f o r  e q u i v a l e n c e  r a t i o s  
be tween  0 . 2  and  2 . 0 .  In t h e  f i r s t  s t e p ,  hydrogen  and a i r  r e a c t  and 
p r o d u c e  hy d ro xy l  r a d i c a l ,  and i n  t h e  second  s t e p ,  hydroxyl  r a d i c a l  and 
hydrogen  r e a c t  t o  p r o d u c e  w a t e r  v a p o r .  The r e a c t i o n s  a r e  e x p r e s s e d  as
\H, + 0 ,  2 OH ( 2 . 1 0 )'2 u 2
Kh
b l
Kf
20H + H2 2 H20 ( 2 . 1 1 )
2
where  and r e p r e s e n t  t h e  f o rw a rd  and r e v e r s e  r e a c t i o n  r a t e
c o n s t a n t s  r e s p e c t i v e l y .  The r e l a t i o n s  f o r  a r e  o b t a i n e d  from an
A rh e n iu s  e q u a t i o n  as
Ni
Kf  = Ai (ij))T e x p ( - E i /RT) ( 2 . 1 2 )
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The v a l u e s  o f  t h e  p a r a m e t e r s  , and in  Eq.  ( 2 . 1 2 )  a r e
A j ( * )  = ( 8 . 9 1 7  * + 3 1 . 4 3 3 / *
2 8 . 9 5 ) x  1047 ~ cm'Vg-mol-S
Ej = 4865 C a l / m o l ;  Nj = - 1 0 .
A2 ( * )  = ( 2 .  + 1 . 3 3 3 / *
. 8 3 3 * ) x l 0 64 ~ c n 6/ n o l 2 -  s
E2 = 42500 C a l / m o l ;  = -13
where  * i s  t h e  f u e l - a i r  r a t i o .  The r e v e r s e  r a t e  c o n s t a n t s  can be 
e v a l u a t e d  by
KfiK, = -p—  ( 2 . 1 3 )
where
Kj = 2 6 .1 6 4  e x p ( - 8 9 9 2 / T )
K2 = ( 2 . 6 8 2 x l 0 " 6 ) (T) e x p (6 94 15 /T )
Knowing t h e  r e a c t i o n  r a t e  c o n s t a n t  K^ and t h e  p r o d u c t i o n  o f  s p e c i e s  
can be e v a l u a t e d  f rom t h e  law of  mass a c t i o n .  C o n s i d e r  t h e  g e n e r a l  
che m ica l  r e a c t i o n
N Kf . N
£ v- C. — -L- I  v V .  C. i = l , 2  m ( 2 . 1 4 )
Kl
J . i  ------  .--i J j 1 Jj  i  v j - i
b i
where  v'- • and  r e p r e s e n t  t h e  s t o i c h i o m e t r i c  c o e f f i c e n t s  o f  t h e
J > ‘ J > *
r e a c t a n t s  and p r o d u c t s  r e s p e c t i v e l y  and N i s  t h e  number of  s p e c i e s .  The
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law o f  mass a c t i o n  s t a t e s  t h a t  t h e  r a t e  of change  o f  c o n c e n t r a t i o n  o f  
s p e c i e s  j  by r e a c t i o n  i i s  g iv en  by [ 3 9 ]
N vL. N vV-
<e( ) = (v ' . j  -  [K n C , J1 -  K I  c ” ] ( 2 . 1 5 )
j  j  i j  i j =l  i j = l  J
The n e t  r a t e  o f  p r o d u c t i o n  o f  s p e c i e s  j  i n  a l l  r e a c t i o n s  i s  g iv en  by
n
C = Z (C ) ( 2 . 1 6 )
3 i = l  3
where m i s  t h e  number o f  r e a c t i o n s .  F i n a l l y ,  t h e  c h e m i s t r y  s o u r c e  
t e r m s ,  on a mass b a s i s ,  a r e  found by m u l t i p l y i n g  t h e  m o la r  chang es  and 
c o r r e s p o n d i n g  m o l e c u l a r  w e ig h t
w. = C. M. ( 2 . 1 7 )
J J J
By a p p l y i n g  t h e  law o f  mass a c t i o n  t o  t h e  g l o b a l  m od e l ,  t h e  c h e m i s t r y  
s o u r c e  t e r m s  o f  t h e  f o u r  s p e c i e s  a r e  o b t a i n e d  as
\  ■ •  Kf l  CH2 C0 2 + Kb j  C0H ( 2 - 18)
\ o  -  2(K«  4  c h2 -  Kb2 c h 2o> ( 2 - 191
\  ■ co 2 -  1/2 c h2o ( 2 - 2 0 »
where
OH ■ -  <2 \  + CH20> ( 2 - 21)
cj  ■ * Y ' i
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2 . 4  Thermodynamic Model
The s p e c i f i c  h e a t  o f  i n d i v i d u a l  s p e c i e s ,  C , i s  assumed t o  be a
p i
l i n e a r  f u n c t i o n  o f  t e m p e r a t u r e ,  i . e . ,
C = a -  T + b .  ( 2 . 2 2 )
P j J J
where  a j  and b j  a r e  c o n s t a n t s  which a r e  o b t a i n e d  by c u r v e  f i t t i n g  t h e  
th e r m o c h e m i c a l  d a t a  o f  R e f .  4 0 .  The nu m er ic a l  v a l u e s  o f  t h e s e  c o n s t a n t s  
a r e  g i v e n  i n  T a b l e  2 . 1 .  The s p e c i f i c  h e a t  o f  t h e  m i x t u r e  i s  computed by 
summing s p e c i f i c  h e a t s  o f  i n d i v i d u a l  s p e c i e s  w e i g h t e d  by s p e c i e s  mass 
f r a c t i o n
C = z C f .  ( 2 . 2 3 )
p j - i  pj  3
The s t a t i c  e n t h a l p y  o f  t h e  m i x t u r e  can be e x p r e s s e d  as
m T
h = z [ h °  + /  C dT] f . ( 2 . 2 4 )
j = l  J T pj  J
The t o t a l  e n t h a l p y  can now be e v a l u a t e d  as
H = h + 0 . 5  (u2 + v2 ) ( 2 . 2 5 )
Combining Eqs .  ( 2 . 2 2 ) ,  ( 2 . 2 4 )  and ( 2 . 2 5 ) ,  t h e  t o t a l  e n t h a l p y  i s
e x p r e s s e d  as
m a . T2
H = z [ h °  + —^ —  + b . T] f . + 0 . 5  (u + v ) ( 2 . 2 6 )
j = l  ^
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where  h°  i s  t h e  s e n s i b l e  e n t h a l p y  o f  i n d i v i d u a l  s p e c i e s  a t  a r e f e r e n c e  
J
t e m p e r a t u r e  (T = 0 K) .  The gas  c o n s t a n t  f o r  t h e  m i x t u r e  a l s o  i s  
e v a l u a t e d  by a mass w e i g h t e d  summation o v e r  a l l  t h e  s p e c i e s  as
m
R = I  f .  R. ( 2 . 2 7 )
j = l  J J
The e q u a t i o n  o f  s t a t e  f o r  t h e  m i x t u r e  o f  t h e  g a s e s  t h e r e f o r e  can be 
w r i t t e n  as
P = PRT ( 2 .2 8 )
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T a b l e  2 . 1  Numer ica l  Values  o f  V a r i o u s  C o n s t a n t s
S p e c i e s H ° ( J / k g ) a b
o2 -2 712 6 7 .0 2 5 0.119845 94 7. 937
h2o -139 72 530 .2 4 0 .43116 1857 .904
h2 -420 01 88 .0 95 2 .0 59 6 12867.46
OH +1772591.157 0.16 56 4 1672.813
n2 -3 0 9 4 8 3 .9 8 0 .10354 1048.389
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Chapter 3
RADIATION TRANSPORT MODELS
In  o r d e r  t o  i n c l u d e  t h e  e f f e c t s  o f  r a d i a t i v e  i n t e r a c t i o n  i n  a 
p h y s i c a l  p r o b l e m ,  i t  i s  e s s e n t i a l  t o  a c c u r a t e l y  model t h e  a b s o r p t i o n -  
e n i s s i o n  c h a r a c t e r i s t i c s  o f  p a r t i c i p a t i n g  s p e c i e s  and p r o v i d e  a c o r r e c t  
f o r m u l a t i o n  o f  t h e  r a d i a t i v e  t r a n s f e r  p r o c e s s e s .  These  a r e  d i s c u s s e d
b r i e f l y  i n  t h i s  s e c t i o n .
3 . 1  R a d i a t i o n  A b s o r p t i o n  Models
Many models  a r e  a v a i l a b l e  in  t h e  l i t e r a t u r e  t o  r e p r e s e n t  t h e  
a b s o r p t i o n - e m i s s i o n  c h a r a c t e r i s t i c s  o f  m o l e c u l a r  s p e c i e s ;  a r e v i e w  o f
i m p o r t a n t  models  i s  a v a i l a b l e  i n  [ 4 1 ] .  P e r h a p s  t h e  s i m p l e s t  model i s
t h e  g ra y  gas model where  t h e  a b s o r p t i o n  c o e f f i c i e n t  i s  assumed t o  be
i n d e p e n d e n t  o f  t h e  w a v e l e n g t h .  Many non gray  models  a r e  a l s o  a v a i l a b l e  
i n  t h e  l i t e r a t u r e .  Both g r a y  and no n g ra y  a b s o r p t i o n  models  a r e  
d i s c u s s e d  h e r e  b r i e f l y .
3 . 1 . 1  Gray Gas Models
In t h e  g r a y  mode l ,  i t  i s  assumed t h a t  t h e  a b s o r p t i o n  c o e f f i c i e n t  i s  
i n d e p e n d e n t  o f  t h e  w a v e l e n g t h .  This  i s  r a r e l y  a p h y s i c a l l y  r e a l i s t i c  
a p p r o x i m a t i o n ,  b u t  i t  s e r v e s  as  an i n i t i a l  s t e p  f o r  s t u d y i n g  t h e  e f f e c t  
o f  r a d i a t i v e  h e a t  t r a n s f e r .  The a b s o r p t i o n  c o e f f i c i e n t  f o r  t h e  g r a y  gas  
i s  e v a l u a t e d  by em plo ying  t h e  P la n ck  mean a b s o r p t i o n  c o e f f i c i e n t  d e f i n e d  
as
24
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/  k e (T) du
10 Du
* ‘ °  .  m --------------  <3 - 1!P e {j <T)
By a s sum in g  t h a t  w i t h i n  a band t h e  P la nc k  f u n c t i o n  does  no t  va ry  
s i g n i f i c a n t l y  w i t h  t h e  wave number,  and by e v a l u a t i n g  i t s  v a l u e  a t  t h e
band c e n t e r ,  t h e  r e l a t i o n  f o r  Kp f o r  a s i n g l e - b a n d  gas  can be w r i t t e n  as
V(T)
k = --- j!  /  K ( 3 . 2 )
P a T (y)  Au “
where u c r e p r e s e n t s  t h e  band c e n t e r .  For  a m u l t i  band g a s e o u s  sy s t em  o f  
n g a s e s ,  tcp i s  g i v e n  by
n %  <T>
KP ■ [~ F T 7 1 K° d " 1 ( 3 - 3 )k=l  a T (y)  Aw
where  u k r e p r e s e n t s  t h e  band c e n t e r  o f  t h e  k t h  band o f  a p a r t i c u l a r
s p e c i e s .  For  a s p e c i f i c  band o f  a g iven  g a s ,  t h e  i n t e g r a t e d  band
i n t e n s i t y  Sk i s  d e f i n e d  as
S = 4 -  f k du ( 3 . 4 )
K P-i * “j  Au
S u b s t i t u t i n g  Eq.  ( 3 . 4 )  i n t o  Eq.  ( 3 . 3 ) ,  <p i s  e x p r e s s e d  as
P .
where
k.  = — j —  I e ,  (T) S (T) ( 3 . 5 )
p a T (y)  k=l  Duk k
r  3 
c l  “ k
e buk ^  ~ exp LC  ^ a.k /T'J~^r
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In Eq. ( 3 . 5 ) ,  Pj  i s  s p e c i e s  p a r t i a l  p r e s s u r e ,  and Cj and C2  a r e  
c o n s t a n t s  [ 6 ] .  Note t h a t  icp i s  a f u n c t i o n  o f  t e m p e r a t u r e  and s p e c i e s  
p a r t i a l  p r e s s u r e .
3 . 1 . 2  Nongray Gas Models
I m p o r t a n t  nong ray  models  a v a i l a b l e  i n  t h e  l i t e r a t u r e  a r e  as 
f o l l o w s :
1 .  L in e  Models :
( a )  L o r e n t z
(b )  D o p p le r
( c )  L o r e n t z - D o p p l e r  ( V o ig t )
2 .  Narrow Band Models :
( a )  E l s a s s e r
(b )  S t a t i s t i c a l
( c )  R a n d o m - E l s a s s e r
(d)  Quasi-Random
3 .  Wide Band Models
( a )  Box o r  C o f f i n
(b)  M o d i f ie d  box
( c )  E x p o n e n t i a l
(d)  Axia l
The r e l a t i v e  i m p o r t a n c e  and range  o f  a p p l i c a b i l i t y  o f  t h e s e  models  a r e  
d i s c u s s e d  i n  R e f .  4 1 .  In t h e  m o d e ra t e  t e m p e r a t u r e  r a n g e  (500 -5 00 0K ) ,  
u s e  o f  t h e  wide  band models  and c o r r e l a t i o n s  p r o v i d e  s u f f i c i e n t  
a c c u r a c i e s .  These  models  r e n d e r  s i g n i f i c a n t  c o m p u t a t i o n a l  e f f i c i e n c y  
o v e r  t h e  l i n e  by l i n e  o r  na r row  band m o d e ls .
The e x p r e s s i o n  f o r  t h e  t o t a l  band a b s o r p t a n c e  i s  g iv e n  as
-I * v U ) d s
A(y) = J  [ 1 - e  0 ]dv ( 3 . 6 a )
Av
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D i f f e r e n t i a t i o n  o f  Eq.  ( 3 . 6 a )  g i v e s
-I kvU)
A * ( r )  = /  k e 0 dv ( 3 .6 b )
Av V
- J  KV U )  dc
A " ( r )  = f < e 0 dv ( 3 . 6 c )' ' '  V
Av
These  r e l a t i o n s  a r e  used  t o  o b t a i n  e x p r e s s i o n s  f o r  t h e  t o t a l  r a d i a t i v e  
f l u x .
The r a d i a t i v e  f l u x  te rm  u s u a l l y  i n v o l v e s  m u l t i p l e  i n t e g r a l s  even 
f o r  t h e  s i m p l e  g e o m e t r i e s .  As a r e s u l t ,  nu m er i ca l  c a l c u l a t i o n s  f o r  
e n e r g y  t r a n s f e r  becomes v e r y  t im e  consuming .  T h e r e f o r e ,  i t  i s  d e s i r a b l e  
t o  r e p l a c e  t h e  r e l a t i o n  f o r  t h e  t o t a l  band a b s o r p t a n c e  as  g i v e n  by Eq. 
( 3 . 6 a )  w i t h  a c o n t i n u o u s  c o r r e l a t i o n  [ 8 ,  9 ,  4 2 ] .  S e v e r a l  c o r r e l a t i o n s  
a r e  a v a i l a b l e  in  t h e  l i t e r a t u r e  f o r  t h e  wide  band a b s o r p t a n c e .  The 
f i r s t  c o r r e l a t i o n  t o  s a t i s f y  t h e  l i n e a r ,  s q u a r e - r o o t  and l o g r i t h m i c  
l i m i t s  o f  t h e  wide band a b s o r p t a n c e  was p r o p o s e d  by Edward and Menard 
[ 4 3 ] .  The most  w i d e l y  used c o r r e l a t i o n  i s  t h e  Tien  and Lowder 
c o n t i n u o u s  c o r r e l a t i o n ,  and t h i s  i s  g i ven  by [ 4 2 ]
* = Cuf(B) CxTfUfil) * 1 0  (3’7)
f ( e )  = 2 .9 4  [ l - e x p ( - 2 . 6 e ) ]
0 = B2 P£
The form of f ( 0 )  was ch os en  t o  g i v e  ag re em en t  w i t h  t h e  c o r r e l a t i o n  of  
Edward and Menardo.  The Tien  and Lowder c o r r e l a t i o n  i s  employed in  t h i s  
s t u d y  f o r  t h e  no n g ra y  gas f o r m u l a t i o n .
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3 . 2  R a d i a t i v e  F lu x  E q u a t i o n s
The e q u a t i o n s  o f  r a d i a t i v e  t r a n s p o r t  a r e  e x p r e s s e d  g e n e r a l l y  in 
i n t e g r o - d i f f e r e n t i a l  fo rm;  t h e  i n t e g r a t i o n  i n v o l v e s  b o th  t h e  f r e q u e n c y  
s p e c t r u m  and p h y s i c a l  c o o r d i n a t e s .  To overcome t h e  c o m p l e x i t y  o f  t h e  
r a d i a t i v e  t r a n s p o r t  e q u a t i o n s ,  a t a n g e n t  s l a b  a p p r o x i m a t i o n  was employed 
i n  [ 4 4 ,  4 5 ] .  T h i s  a p p r o x i m a t i o n  t r e a t s  t h e  gas l a y e r  as  a one ­
d i m e n s i o n a l  s l a b  i n  e v a l u a t i o n  o f  t h e  r a d i a t i v e  f l u x .  The m u l t i ­
d i m e n s i o n a l  e q u a t i o n s  of  r a d i a t i v e  h e a t  t r a n s f e r  a r e  f o r m u l a t e d  f o r  an 
a r b i t r a r y  g e o m e t r y ,  and t h e n  an a p p r o x i m a t e  method i s  used  t o  p r e s e n t  
t h e  f o r m u l a t i o n  f o r  g r a y  and nongr ay  g a s e s .
3 . 2 . 1  B a s i c  F o r m u l a t i o n
The r a d i a t i v e  t r a n s p o r t  e q u a t i o n s  i n  t h e  p r e s e n t  s t u d y  a r e  o b t a i n e d  
o n l y  f o r  an a b s o r b i n g - e m i t t i n g  medium c o n t a i n e d  w i t h i n  s o l i d  w a l l s  o f  
a r b i t r a r y  c o n f i g u r a t i o n  as shown in F i g .  3 . 1 .  The g e n e r a l  f o r m u l a t i o n  
of  r a d i a t i v e  t r a n s f e r  f o r  t h e  gas  u n d e r  t h e  c o n d i t i o n  o f  l o c a l  t h e r m o ­
dynamic e q u i l i b r i u m  i s  g iv en  by [ 1 2 ] .
<V ( C)  d c  r  - /  " kv ( ? )  d C
I v (P) = I v(Pw) e 0 + / W <V( P ' )  I b v ( P ' )  e 0 d r '
°  ( 3 . 8 )
The f i r s t  t e r m  on t h e  r i g h t  hand s i d e  r e p r e s e n t s  t h e  c o n t r i b u t i o n  from 
t h e  wal l  t o  t h e  i n t e n s i t y  a t  P ,  and t h e  seco nd  t e r m ,  t h e  c o n t r i b u t i o n  
from t h e  i n t e r v e n i n g  g a s e s  be tween P and Pw. The o r i g i n  o f  t h e  
c o o r d i n a t e  sy s te m  i n  Eq. ( 3 . 8 )  i s  chosen  a t  t h e  p o i n t  P.
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j j j i - m / j j  j j ,  > }  j  > .  j  j  j  t > j ,  t  r t j r r
f i t  0 (y) Boundary J
. r Y — j L ~
I  s wr  A“— Boundary 1
'}»')))') ) 7 J / / s / 1 / / / / * / J s * S / * / / s  s  * / J / / / / /  / /  7
L ,
F i g .  3 . 2  P la n e  r a d i a t i n g  l a y e r  be twe en  p a r a l l e l  b o u n d a r i e s .
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The r a d i a t i v e  f l u x  a t  t h e  p o i n t  P in  t h e  d i r e c t i o n  o f  1  i s
qR = /  /  £ dv dfl ( 3 . 9 )
4w o
S u b s t i t u t i n g  Eq.  ( 3 . 8 )  i n t o  Eq. ( 3 . 9 ) ,  t h e  r a d i a t i v e  f l u x  i s  e x p r e s s e d  
as
<VU )  d5
= /  / "  W  e 0 t  dv d!1
4-it o
r
.  r w - I  % (e )  d«
* 1  !  I  K ( P ' )  I k ( P ' )  e 0 l  d r '  dv  da  ( 3 . 1 0 )
4ir 0 0
The d i v e r g e n c e  o f  t h e  r a d i a t i v e  f l u x  i s  f o r m u l a t e d  as
v • qD = /  /  t  • V I dv da  ( 3 . 1 1 a )
K 4,r o v
A beam o f  i n t e n s i t y  I v ( r ,  n)  t r a v e l i n g  i n  t h e  t  d i r e c t i o n  s a t i s f i e s  t h e  
e q u a t i o n  o f  r a d i a t i v e  t r a n s f e r
1 • 7 I = y I + k I. - 8  1 ( 3 .1 1 b )
' " V  V Dv V VYv v
where  y  i s  t h e  s c a t t e r i n g  c o e f f i c i e n t s  and b = y + < i s  r e f e r r e d  t o  'v  v v v
as  t h e  e x t i n c t i o n  c o e f f i c i e n t .  For  n e g l i g i b l e  s c a t t e r i n g  (y = 0 ) ,  Eq. 
( 3 . 1 1 b )  r e d u c e s  t o
!  • 7 I = K ( I .  -  I ) ( 3 . 1 1 c )v v bv v
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By combin ing  E q s .  ( 3 . 1 1 a )  and ( 3 . 1 1 c ) ,  one o b t a i n s
7 * = [  I  \  ( I bv ‘ V  dv dn (3*l ld )4tt o
Now s u b s t i t u t i n g  Eq. ( 3 . 8 )  i n t o  Eq.  ( 3 . 1 1 b ) ,  t h e  d i v e r g e n c e  o f  t h e
r a d i a t i v e  f l u x  i s  e x p r e s s e d  as
- f " "  «,<«> d«
7  • « R -  4 ,  J Kv ( p )  I bv (P)  dv -  f /  «  (P )  I (P„)  e  0
0 4ir 0
r'
r w - J  <v (?)
-  /  / "  /  ‘  (P)  < ( P ‘ ) I bv ( p l ) e °  d r ' dn
4l1 0 0 ( 3 . 1 2 )
E q u a t i o n s  ( 3 . 1 0 )  and ( 3 . 1 2 )  a r e  used t o  o b t a i n  v a r i o u s  a p p r o x i m a t e  forms 
f o r  t h e  r a d i a t i v e  f l u x  and i t s  d i v e r g e n c e .
3 . 2 . 2  Gray F o r m u l a t i o n
In t h e  p r e v i o u s  s e c t i o n ,  i t  was o b s e r v e d  t h a t  t h e  r a d i a t i v e  f l u x
te r m s  a r e  r e p r e s e n t e d  by an i n t e g r o - d i f f e r e n t i a l  e q u a t i o n .  S o l v i n g
t h e s e  e q u a t i o n s  i s  e x t r e m e l y  t i m e  consuming b e c a u s e  o f  t h e  c o m p l e x i t y  of
i n t e g r a t i o n  o v e r  s p a c e  and f r e q u e n c y .  T h e r e f o r e ,  a p e s u d o - g r a y  model i s
s e l e c t e d  f o r  e f f i c i e n t  p a r a m e t r i c  s t u d i e s .  To e x p r e s s  t h e  r a d i a t i v e
f l u x  f o r  a g r ay  medium, one may assume t h a t  i s  i n d e p e n d e n t  o f  t h e
f r e q u e n c y .  This  i s  r a r e l y  a p h y s i c a l l y  r e a l i s t i c  a p p r o x i m a t i o n ;  b u t  i t
s e r v e s  as an i n i t i a l  s t e p p i n g  s t o n e  t o w a r d s  no n g ra y  a n a l y s e s .
T h e r e f o r e ,  Eqs .  ( 3 . 1 0 )  and ( 3 . 1 2 )  f o r  a g r a y  medium a r e  w r i t t e n  as
r, r '
- /  k( 5) d£ r  " /  <(5)  d5
qR = /  I ( P J  e 0 da + /  /  w <( P' )  U P ' )  e 0 d r '  dn
4* 0  ( 3 . 1 3 )
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and r
-J' W k U )  d?
7 • qR = 4 ,  k(P) Ib(P) - /  k(P) I(P ) e 0 dft
4ir
r
P - /  * U )  d5
-  J  J w k(P)  k ( P 1) I b ( P * ) e 0 d r '  dn
4* 0 ( 3 . 1 4 )
To s o l v e  t h e  r a d i a t i v e  f l u x  t e r n s  f o r  t h e  g r a y  mediun ,  one  can  t r a n s f o r m  
t h e  above e q u a t i o n s  i n t o  t h e  C a r t e s i a n  c o o r d i n a t e s  and t h e n  a p p l y  any of  
t h e  s t a n d a r d  i n t e g r a t i o n  t e c h n i q u e s  t o  e v a l u a t e  t h e  r a d i a t i v e  f l u x  
t e r m s .  I t  i s  a l o t  more c o n v e n i e n t  and e f f i c i e n t  t o  c o n v e r t  t h e  
e q u a t i o n s  t o  a s e t  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  (ODE). For  t h e  
p r e s e n t  c a s e ,  d i f f e r e n t i a t i n g  Eq. ( 3 . 1 4 )  by u s i n g  t h e  L e i b n i t z  r u l e  
r e s u l t s  i n
ae  ,  " /  ”  ^
v2 q R = 4<(p)  T T  + /  K ( p )  I ( p w] e  °4tt
r '
r w - /  < U )  ^
+ /  /  <W(P) k ( P ’ ) I b ( P ' )  e 0 d r '  dft
4ir 0 ( 3 . 1 5 )
A s u b s t i t u t i o n  o f  Eq. ( 3 . 1 5 )  i n t o  Eq. ( 3 . 1 3 )  g i v e s  a se cond  o r d e r
nonhomogenious o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  as
d qp p de^
_ _ E  .  / ( P )  qR = 4k (P )  ^  ( 3 . 1 6 )
d r
I t  s h o u l d  be p o i n t e d  o u t  t h a t  i f  t h e  t a n g e n t  s l a b  a p p r o x i m a t i o n  i s  
employed ,  t h e n  t h e  method o f  e x p o n e n t i a l  k e r n a l  a p p r o x i m a t i o n  i s  used  t o  
c o n v e r t  t h e  e q u a t i o n s  t o  a s e t  o f  ODE's.  The r e s u l t  i s  o f  t h e  same form 
as  Eq.  ( 3 . 1 6 )  b u t  t h e  c o e f f i c i e n t s  a r e  d i f f e r e n t ,  i . e . ,
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d Pn 0 9
= |  «2 (P) qR .  3 «(P) ^  ( 3 .1 7 )
E q u a t i o n s  ( 3 . 1 6 )  and  ( 3 . 1 7 )  d i f f e r  i n  t h e  c o e f f i c i e n t s  due t o  t h e  
employment  o f  t h e  e x p o n e n t i a l  k e r n a l  a p p r o x i m a t i o n  i n  t h e  second  
a p p r o a c h .  Th ese  e q u a t i o n s  r e q u i r e  two boundary  c o n d i t i o n s .  For  
no nb la ck  d i f f u s e  s u r f a c e s ,  t h e  bou ndary  c o n d i t i o n s  c o r r e s p o n d i n g  t o  Eq. 
( 3 . 1 7 )  a r e  g i v e n  as
" 2* *P qR lr-0  " 1  dr Ir=0 ° 0 (3 .18a)
( ^ 4 > “P " R (r)  U + I * T  fr=L = 0 <3 ' 18b>
D e t a i l e d  d e r i v a t i o n  o f  Eqs .  ( 3 . 1 7 )  and ( 3 . 1 8 )  a r e  g iv e n  in  [ 4 4 ] .
3 . 2 . 3  Nonoray F o r m u l a t i o n
For  s i m p l i c i t y  in n o t a t i o n ,  i t  i s  assumed t h a t  t h e  m o l e c u l a r  gas
has o n l y  one b a n d .  The f o l l o w i n g  a n a l y s i s  i s  a l s o  a p p l i c a b l e  t o  t h e  gas
ha v in g  more t h a n  one ba nd .  S i n c e  t h e  P la n c k  f u n c t i o n  w i t h i n  a wide  band 
can u s u a l l y  be a p p r o x i m a t e d  by i t s  v a l u e  a t  t h e  band c e n t e r ,  Eq s .  ( 3 . 1 0 )  
and ( 3 . 1 2 )  can be w r i t t e n  as
- /  \ U ) H
5r  -  /  /  I CPW) [e 0 - 1] I  dv da + /  /  1V(PW) t  ■ d» da
4 IT Av 4ir Av
r '
\  ' I  <v (5) dC
+ /  /  l h r ( P ' )  t  d r ' d a  f  K ( P ' )  e  0 dv ( 3 . 1 9 )
4 it o DvC Av v
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S u b s t i t u t i n g  E q s .  ( 3 . 6 a - 3 . 6 c )  i n t o  Eqs .  ( 3 . 1 9 )  and ( 3 . 2 0 ) ,  r e a r r a n g i n g ,  
one g e t s
The f i r s t  t e r n  on t h e  r i g h t  hand s i d e  o f  Eq. ( 3 . 2 1 )  r e p r e s e n t s  t h e  
r a d i a t i v e  f l u x  i n  t h e  a b s e n c e  of  p a r t i c i p a t i n g  n e d i u n ;  t h e  second t e r n  
g i v e s  t h e  p o r t i o n  o f  t h e  wal l  r a d i a t i o n  which i s  a b s o r b e d  by t h e  g a s ,  
and t h e  l a s t  t e r n  i n d i c a t e s  t h e  e m i s s i o n  from t h e  gas which a r r i v e s  a t  
p o i n t  p .  S i n c e  I b and A' a r e  i n d e p e n d e n t  o f  n ,  t h e  f i r s t  t e r n  i n  Eq. 
( 3 . 2 2 )  can be w r i t t e n  as
+ /  /  W I buC ( P ' )  A ' ( r ' )  t  d r ' d n ( 3 . 2 1 )
r w
( 3 . 2 2 )
= 1 I b v c ( P ) A , ( r w,da  + i  W P ) C A , ( 0 ) - A , ( r w ^4tt 4tt
■ I  / ”  I bvC( P ) A " ( r ' ) d r ' d a  ( 3 . 2 3 )
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A s u b s t i t u t i o n  o f  Eq.  ( 3 . 2 3 )  i n t o  Eq.  ( 3 . 2 2 )  r e s u l t s  i n
t 1bvc<p ) '  1vc<Pw>] A ' < r w><ta
-  /  / W [ I b v c (p)  •  I bvC( P , ) JA , , ( r ' ) d r , d n  ( 3 *24)4ir 0
The f i r s t  t e rm  on t h e  r i g h t  hand s i d e  o f  Eq. ( 3 . 2 4 )  r e p r e s e n t s  t h e  n e t  
exchange  of  r a d i a t i o n  be tween  t h e  gas e l em ent  a t  P and t h e  w a l l s ;  t h e  
second  t e rm  r e p r e s e n t s  t h e  n e t  exchange  between t h e  gas  e l e m e n t  o f  P and 
t h e  o t h e r  gas  e l e m e n t s .
For  a non gra y  p l a n e r  sy s te m  w i t h  two p a r a l l e l  w a l l s  a t  d i f f e r e n t  
t e m p e r a t u r e s  ( F i g .  3 . 2 ) ,  Eqs.  ( 3 . 2 1 )  and ( 3 . 2 4 )  r e d u c e  t o
-*■ f° r°  /  i t  i \  it i — a dx '  dy * d z 1
" r  = e l  '  e 2 '  I  < I  e » c ,  (x • z > f l ( r l> ---------  3--------00 -00 0 1 1T r ,
A
f s  (X*.  * ( r 2 ,
2- 0 0  - 0 0  y 2 IT r
* f  f  !  e .  ( x 1, y ' ,  2 ! ) A ! i p .  dx '  dy '  d z '  ( 3 . 2 5 )
V v-oo -oo o i rr j
and
V*qR = [ A ' ( r j )  + A ' ( r 2 ) ]  e vC ( x ,  y ,  z)
/  /  e vc  ( x 1, z ' )  A ' ( r j )  - * j d x '
-CO -00 1 ttT
d x '  d z '
1
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where  ,2
r j  = [ ( x - x 1) 2 + ( y ) 2 + ( z - z 1) 2 ]
l / ?
r 2 = [ ( x - x 1) 2 + ( y - L ) 2 + ( z - z 1) 2 ]
1/2
r 1 -  [ ( x - x 1) 2 + ( y - y 1) 2 + ( z - z 1) 2 ]
The y c o o r d i n a t e  i s  normal t o  t h e  wa l l  and x and z c o o r d i n a t e s  a r c  in  a 
p l a n e  p a r a l l e l  t o  t h e  w a l l .  For  o n e - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r ,  
E q s .  ( 3 . 2 5 )  and ( 3 . 2 6 )  re d u c e  t o
%  = e l  '  e 2 -  V j  A(*> *  e v c 2
y l
+ / evC(y’) ^ ’ ( y - y ' J d y 1 -  /  e ( y 1) A ' C y ' - y J d y 1
0 y ( 3 . 2 7 )
and
’  • 3 R = t e v c (),) ■ + f V < * >  •  e v c 2 l A' a - y)
I [ e v C ( y ) '  - e vC^y , ^ A "  ( y l ‘ y ) d y  ( 3 - 2 8 )
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E q u a t i o n s  ( 3 . 2 7 )  and ( 3 . 2 8 )  can be r e a r r a n g e d  and w r i t t e n  f o r  a m u l t i  -  
band g a s e o u s  s y s t e m  a s  ( s e e  Appendix  B)
N y
qR(y) = e i  -  e2 + s { /  FlvCi (y , )  Ai (y~y , )  dy'
L
-  /  FV  Ai ( y ’-y)dy' }  (3.29)
y i
and
where
and
vdR(y) = 1 ([f1v,  (y) + f2vC (y)l /  v .  d"i
1=1 1 1 Av.j 1
+ l  f imc Ai 1 dy '
0  i
+ / L F2vC. ( y, )  Ai '  ( y ' - y )  dy’ ( 3 -30)
0  1
Flv C (y) = e v c (y)  -  evCj
F2 v c (y)  = e v c ( y > -  e v c 2
The e q u a t i o n s  r e s u l t i n g  from em plo yin g  t h e  t a n g e n t  s l a b
a p p r o x i m a t i o n  and e x p o n e n t i a l  k e r n a l  a p p r o x i m a t i o n  f o r  e v a l u a t i n g  t h e
e x p o n e t i a l  f u n c t i o n  a r e  o f  t h e  same g e n e r a l  form as Eqs .  ( 3 . 2 9 )  and
( 3 . 3 0 ) .  These  e q u a t i o n s  a r e  d e r i v e d  in  d e t a i l  in  R e f .  9 and a r e
e x p r e s s e d  h e r e  a s
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qR(y)  » e j  -  e 2 + 1  { /  F j ^ l y ' )  A! [ f  ( y - y ' ) ]  d y '
-  /  F2^ ( y ' )  A| [ f  ( y ' - y ) ] d ’ } ( 3 . 3 1 )
and
v - d R( y )  = |  i  1 ^ ( y)  *  F ( y ) ]  /  « d 0 f )
1=1 1 1 Aw.j 1
* ?  "  Fl « c  < » ' )  Ai '  [ ! < « ' ) ] * '
4 i = l  o ico i
+ / L F2 a , c . ( y , )  Ai '  [ |  { 3 , 32)
E q u a t i o n s  ( 3 . 2 9 - 3 . 3 2 )  a r e  i n  p r o p e r  form f o r  o b t a i n i n g  t h e  nongray  
s o l u t i o n s  o f  m o l e c u l a r  s p e c i e s .  However,  i n  o r d e r  t o  be a b l e  t o  us e  t h e  
band model c o r r e l a t i o n s ,  t h e s e  e q u a t i o n s  must  be t r a n s f o r m e d  in  t e r m s  o f  
t h e  c o r r e l a t i o n  q u a n t i t i e s .  For  t h e  t e m p e r a t u r e  r an g e  c o n s i d e r e d ,  t h e  
r a d i a t i v e  p r o c e s s  i s  in  t h e  o p t i c a l l y  t h i n  l i m i t  [ 3 9 ] .  As a r e s u l t ,  
t h e r e  i s  no s i g n i f i c a n t  d i f f e r e n c e  be tween  t h e  two a p p r o a c h e s .  I t  
s h o u l d  be no te d  h e r e  t h a t  f o r  non gray  g a s e s ,  t h e  d i v e r g e n c e  o f  r a d i a t i v e  
f l u x  i s  used  as  a s o u r c e  t e r m  i n  t h e  e n e r g y  e q u a t i o n .  Thi s  i s  more 
c o n v e n i e n t  and a l s o  a v o i d s  scheme dependency  in  t h e  c o m p u t a t i o n .  The 
c o r r e l a t i o n  q u a n t i t i e s  and d e t a i l s  o f  t r a n s f o r m a t i o n s  a r e  g iv e n  in  R e f .  
20 .  A f t e r  t h e  t r a n s f o r m a t i o n ,  Eq. ( 3 . 3 2 )  i s  w r i t t e n  as
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dqR(u)  Q n Ui -  3
du = 4" 1 Ao.  { /  Fl . . ( U , ) A r  [ 2 ( u i ■ u ; ) l d u i 
1 = 1  1 0  1
u
c - ?
* ! F ( U - )  A”  [ |  (U- -  u . ) ]  d u j }
u . u i
i
* 1  . ^ 1  \ .  [ Fl„ . < " >  + F2 „ . ( u >] <3 - 3 3 >
Note t h a t  A1 1 ( u ) e x p r e s s e s  t h e  second d e r i v a t i v e  o f  A(u) w i th  r e s p e c t  
t o  u and
dqR dqR du dqR
d r * r r  CPS(T)/A0 ;| d T
By d e f i n i n g  { j-  = £  and { p  = E9* ( 3 . 3 3 )  i s  e x p r e s s e d  as
0  0
u
dqR ( y ) / d y  = 9 / 4  ^  Aq _ u2 _/L2 Fl u _ ( y ' )  RJ '  [ |  - j ~  ( y - y ’ ) ]  d y ’
n *o u o
♦ ! j 1 - ^ [ V y , ) ' V y, ) ] ( 3 ’ 3 4 )
I t  i s  o f t e n  d e s i r a b l e  and c o n v e n i e n t  t o  e x p r e s s  t h e  p r o c e e d i n g  
e q u a t i o n  in  t e r m s  o f  A1 r a t h e r  t h a n  A " .  Th is  i s  a c c o m p l i sh e d  by
i n t e g r a t i n g  Eq. ( 3 . 3 4 )  by p a r t s .  The d e t a i l  o f  t h e  i n t e g r a t i o n  by p a r t s  
i s  g i v en  in  R e f .  9 and t h e  r e s u l t  i s  g iv en  by
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dqR 3 "
L d e u ^ y ' )  _ 3  V
( 3 . 3 5 )
E q u a t i o n  ( 3 . 3 5 )  and t h e  T i e n  and Lowder c o r r e l a t i o n  g iv e n  by Eq. ( 3 . 7 )  
can  be used  t o  e v a l u a t e  t h e  r a d i a t i v e  f l u x .
3 . 2 . 4  O p t i c a l l y  Thin  F o r m u l a t i o n
In t h e  o p t i c a l l y  t h i n  l i m i t ,  t h e  f l u i d  does  no t  a b s o r b  any o f  i t s  
own e m i t t e d  r a d i a t i o n ;  howe ve r ,  i t  does  a b s o r b  r a d i a t i o n  e m i t t e d  from 
t h e  b o u n d a r i e s  [ 6 - 9 ] .  In g e n e r a l ,  t h e  o p t i c a l  t h i c k n e s s  o f  an 
a b s o r b i n g - e m i t t i n g  sys te m  i s  d e f i n e d  as
I f  i t  i s  assumed t h a t  i s  i n d e p e n d e n t  o f  t h e  t e m p e r a t u r e ,  t h e n  Eq.
( 3 . 3 6 )  i s  e x p r e s s e d  a s
A r a d i a t i n g  s y s t e m  i s  c o n s i d e r e d  t o  be i n  t h e  o p t i c a l l y  t h i n  l i m i t  when
T < < 1 .
Ooj
In t h e  o p t i c a l l y  t h i n  l i m i t ,  t h e  e x p r e s s i o n s  f o r  t h e  r a d i a t i v e  f l u x  
and i t s  d i v e r g e n c e  can be o b t a i n e d  f rom t h e  g e n e r a l  e x p r e s s i o n s  by 
f o l l o w i n g  t h e  p r o c e d u r e  o u t l i n e d  i n  [ 6 ] ,  For  t h e  g ra y  gas a p p r o x i m a t i o n  
and b l a c k - b o u n d i n g  s u r f a c e s ,  Eq. ( 3 . 1 4 )  i s  e x p r e s s e d  f o r  o n e - d i m e n s i o n a l  
o p t i c a l l y  t h i n  r a d i a t i o n  as
L
( 3 . 3 6 )
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For  t h e  p s e u d o - g r a y  gas m o d e l ,  < i s  r e p l a c e d  by t h r o u g h  u s e  o f  E q s .
O) p
( 3 . 1 )  -  ( 3 . 5 ) .
For  t h e  c a s e  o f  nong ra y  gas  f o r m u l a t i o n ,  A(u) = u and A ' ( u )  = 1 i n
t h e  o p t i c a l l y  t h i n  l i m i t  [ 6 , 7 ] .  C o n s e q u e n t l y ,  Eq.  ( 3 . 3 5 )  r e d u c e s  i n
t h i s  l i m i t  t o
d q R 3 n A° i  U° i
‘ S '  v  ( 3 - 39)
I t  s h o u l d  be p o i n t e d  o u t  t h a t  i t  i s  c o n s i d e r a b l y  more e f f i c i e n t  t o
s o l v e  n u m e r i c a l l y  t h e  s y s te m  o f  g o v e r n i n g  e q u a t i o n s  f o r  t h e  c a s e  o f
o p t i c a l l y  t h i n  r a d i a t i o n  t h a n  f o r  t h e  g e n e r a l  c a s e .  In a p r e l i m i n a r y  
s t u d y ,  t h e  o p t i c a l  t h i c k n e s s  o f  t h e  p r e s e n t  p h y s i c a l  p rob le m  were 
c a l c u l a t e d .  I t  was found  t h a t  t h e  o p t i c a l  t h i c k n e s s  v a r i e d  be tween  
0 .0 0 3  t o  0 . 4  i n  t h e  t e m p e r a t u r e  ra n g e  o f  1 ,0 0 0  t o  5 , 0 0 0  K and p r e s s u r e  
be tween  one t o  t h r e e  a t m o s p h e r e s .
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Chapter 4
METHOD OF SOLUTION
The g r i d  g e n e r a t i o n  t e c h n i q u e  and s o l u t i o n  p r o c e d u r e s  f o r  t h e  
g o v e r n i n g  e q u a t i o n s  u s i n g  t h e  u n s p l i t  MacComack [ 4 6 ]  t e c h n i q u e  and 
m o d i f i e d  R u n g e - K u t t a  t i m e  s t e p p i n g  scheme o f  Jameson [ 3 2 ]  a r e  b r i e f l y  
d i s c u s s e d  i n  t h i s  s e c t i o n .
4 . 1  G r id  G e n e r a t i o n
G r i d s  a r e  g e n e r a t e d  u s i n g  an a l g e b r a i c  g r i d  g e n e r a t i o n  t e c h n i q u e  
d e v e l o p e d  by Smith  and Weigel [ 4 7 ] .  From t h e  c o m p u t a t i o n a l  p o i n t  o f  
v iew ,  i t  i s  d e s i r a b l e  t o  have a u n i f o rm  r e c t a n g u l a r  g r i d  e n c l o s e d  in  a 
c u b e ,  where t h e  e x t e r i o r  o f  t h e  cube  r e p r e s e n t s  t h e  p h y s i c a l  b o u n d a r i e s .  
To have  such g r i d s ,  t h e  b o d y - f i t t e d  c o o r d i n a t e  sy s te m  i s  t r a n s f o r m e d  
l i n e a r l y  f rom t h e  p h y s i c a l  domain ( x ,  y )  t o  t h e  c o m p u t a t i o n a l  domain 
( 5 , n) as f o l l o w s :
*1 ■ X ( 5 . 0 )  Lower
y, ■ v (5,0) Boundary
( 4 . 1 a )
x 2 = X ( ^ , 1 )  
y2 = Y (c.i)
Upper
Boundary
X = X ( s >1 ) n + X ( 5 , 0 ) ( 1 -n )  Between t h e
y  = Y ( 5 , 1 ) n + Y ( 5 , 0 ) ( 1 - n )  B o u n d a r ie s
42
( 4 . 1 b )
( 4 . 1 c )
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where
0  < 5  < 1  ; 0  < n < 1
The g r i d  s h o u l d  be c o n c e n t r a t e d  in  t h e  r e g i o n s  o f  h ig h  g r a d i e n t s  t o  
a c c u r a t e l y  p r e d i c t  t h e  s o l u t i o n .  T h e r e f o r e ,  more g r i d  p o i n t s  a r e  
r e q u i r e d  n e a r  t h e  s o l i d  b o u n d a r i e s .  The c o n c e n t r a t i o n  o f  t h e  g r i d  
i n  t h e  n - d i r e c t i  on can be a c c o m p l i s h e d  by
(By+1) - (By-1) exp[-C(n- l+o) / ( l -a) ]
11 ( 2 a + l ) { l + e x p[ l C ( n- l + a ) / ( l - a ) ]}  (4*2)
where
Bv + 1
c  = »"  ( / r r )
y
I f  a  i s  e qu a l  t o  z e r o  ( a = 0 ) ,  t h e  co m p re ss io n  t a k e s  p l a c e  o n l y  n e a r  t h e
lo w e r  wa l l  (n=0 ) ,  and i f  a  i s  s e t  equal  t o  one h a l f  (<x=l/2 ) ,  t h e
c o m p re s s io n  t a k e s  p l a c e  n e a r  bo th  w a l l s .  The t e r m  has  a v a l u e
between one and tw o ,  and as i t  g e t s  c l o s e r  t o  o n e ,  t h e  g r i d  becomes more 
c o n c e n t r a t e d  n e a r  t h e  w a l l s .  Employing t h i s  c o n c e n t r a t i o n ,  Eq. ( 4 . 1 e )  
i s  w r i t t e n  in  t e r m s  o f  n as
X = X ( e , l )  n + X ( c , 0 )  (1 -n )
Y = Y ( 5 , 1 ) n + Y ( 5 , 0 ) ( 1 - n )  ( 4 . 3 )
where
0  < n < 1
I t  s h o u l d  be n o t i c e d  t h a t  t h e  g r i d  i s  c o n c e n t r a t e d  in  t h e  normal 
d i r e c t i o n  t o  c a p t u r e  t h e  boundary l a y e r  and ke p t  u n i f o rm  in  t h e  f low 
d i r e c t i o n .
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4 . 2  S o l u t i o n  o f  t h e  Govening E q u a t i o n s
4 . 2 . 1  M o d i f ie d  MacCormack's  F i n i t e - D i f f e r e n c e  Scheme
The g o v e r n i n g  e q u a t i o n s ,  Eqs.  ( 2 . 1 ) ,  a r e  e x p r e s s e d  i n  t h e  
c o m p u t a t i o n a l  domain as
+ = °  ( 4 . 4 )
3 t  35 9n
where
0 = UJ
F = Fy -  Gx 
n n
G = Gx^ -  Fy?
H = HJ
J  = X5 y n -  y 5 Xn 
E q u a t io n  ( 4 . 4 )  i s  d i s c r e t i z e d  t e m p o r a l l y  and w r i t t e n  a s
Un+1 = 0n -  At [ i i -  + + Hn+1] ( 4 . 5 )
oC 3n
An+1The s o u r c e  t e r m  H must  n e x t  be l i n e a r i z e d .  I t  i s  expanded  i n  a 
T a y l o r  s e r i e s  in  t i m e  t o  g i v e
Hn+1 = Hn + At + 0 ( A t ) 2 ( 4 . 6 )
o r
S" * 1  = Hn + I t  i S  ( “  •  ° n ) ( 4 . 7 )
3U
A s u b s t i t u t i o n  o f  Eq.  ( 4 . 7 )  i n t o  Eq.  ( 4 . 5 )  g i v e s  t h e  t e m p o r a l l y  d i s c r e t e  
e q u a t i o n  in  d e l t a  form as
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where Un + 1  -  Un i s  e x p r e s s e d  a s  AUn + 1 ,  i s  t h e  J a c o b i a n  m a t r i x  o f  H
3U
and I i s  t h e  i d e n t i t y  m a t r i x .  The components  o f  t h e  J a c o b i a n  m a t r i x  a r e  
g i v e n  in  Appendix C.
Once t h e  t e m p o r a l  d i s c r e t i z a t i o n  used  t o  c o n s t r u c t  Eq. ( 4 . 8 )  has  
been p e r f o r m e d ,  t h e  r e s u l t i n g  s y s te m  i s  s p a t i a l l y  d i f f e r e n c e d  u s i n g  t h e  
u n s p l i t  MacCormack p r e d i c t o r - c o r r e c t o r  scheme.  T h i s  r e s u l t s  in  a 
s p a t i a l l y  and t e m p o r a l l y  d i s c r e t e ,  s i m u l t a n e o u s  sy s t e m  o f  e q u a t i o n s  a t  
each  g r i d  p o i n t .  Each s i m u l t a n e o u s  s y s te m  i s  s o l v e d  u s i n g  t h e
H o u s e h o ld e r  t e c h n i q u e  [ 4 8 ,  49]  in  c o m b i n a t i o n  w i t h  t h e  MacCormack 
t e c h n i q u e ,  which i s  t h e n  used  t o  adva nce  t h e  e q u a t i o n s  i n  t i m e .  The 
m o d i f i e d  MacCormack scheme t h e n  becomes
[ i  <«■»•)
Di f =5?j + 1 i4-9b>
[ ' + “  > J  l 5 u+ 1 '  - 11 t f + i * " l u 1 <4-10a)
G" * 1 = OJ. + 0 . 5  [aO? * 1  + A U ^ 1 ] ( 4 .1 0 b )
i J  I J  * J  * J
E q u a t i o n s  ( 4 . 9 )  and ( 4 . 1 0 )  a r e  used t o  advan ce  t h e  s o l u t i o n  from 
t i m e  n t o  n+1 , and i t e r a t i o n  p r o c e s s  i s  c o n t i n u e d  u n t i l  a d e s i r e d
i n t e g r a t i o n  t i m e  has  been  r e a c h e d .
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4 . 2 . 2  M o d i f i e d  R un ge -K ut ta  F i n i t e - V o l u n e  T e c h n iq u e
In 198 1 ,  Ja m e so n ,  Schmidt  and T urke l  [ 3 3 ]  p r o p o s e d  an e x p l i c i t  
f i n i t e  volume t e c h n i q u e  u s i n g  Ru nge -K u t ta  t i m e  s t e p p i n g  scheme f o r  t h e  
s o l u t i o n  o f  u n s t e a d y  E u l e r  e q u a t i o n s .  The scheme i s  a m o d i f i e d  v e r s i o n  
o f  t h e  c l a s s i c a l  f o u r  s t a g e  R unge -K u t t a  t e c h n i q u e .  The method i s  
f o u r t h - o r d e r  a c c u r a t e  i n  t i m e  f o r  l i n e a r  e q u a t i o n s  and s e c o n d - o r d e r  
a c c u r a t e  f o r  n o n l i n e a r  e q u a t i o n s .  The scheme i s  s e c o n d - o r d e r  a c c u r a t e  
i n  s p ace  f o r  b o th  l i n e a r  and n o n l i n e a r  p r o b l e m s ,  p r o v i d e d  t h e  g r i d  i s  
s u f f i c i e n t l y  sm oo th .  This  scheme was e x t e n d e d  by Swanson and Turke l  
[ 3 5 ]  t o  s o l v e  t h e  t h i n  l a y e r  N a v i e r - S t o k e s  e q u a t i o n s  f o r  t r a n s o n i c  f low 
o v e r  t h e  a i r f o i l .  In  t h e  p r e s e n t  work ,  t h i s  scheme i s  b e i n g  e x t e n d e d  t o  
s o l v e  s u p e r s o n i c  c h e m i c a l l y  r e a c t i n g  and r a d i a t i n g  v i s c o u s  f l o w s .  The 
g o v e r n i n g  e q u a t i o n ,  Eq.  ( 2 . 9 ) ,  in  i n t e g r a l  form f o r  a r e g i o n  n w i th  
bo u n d a ry  an i s  r e w r i t t e n  h e r e  f o r  t h e  c o n v e n i e n c e  a s
j r  f f  U dx dy + J) (F dy -  G dx)  + / /  H dxdy = 0 ( 4 . 1 1 )
3 n an n
The d i s c r e t i z a t i o n  p r o c e d u r e  f o l l o w s  t h e  method of  l i n e s  in  d e c o u p l i n g
t h e  a p p r o x i m a t i o n  o f  t h e  s p a t i a l  and te m p o ra l  t e r m s .  The c o m p u t a t i o n a l
domain i s  d i v i d e d  i n t o  q u a d r i l a t e r a l  c e l l s  ( F i g .  4 . 1 ) ,  and Eq.  ( 4 . 1 1 )  i s
a p p l i e d  t o  each  c e l l  s e p a r a t e l y  t o  o b t a i n  a s y s te m  o f  o r d i n a r y
d i f f e r e n t i a l  e q u a t i o n s .  The r e s u l t i n g  e q u a t i o n s  a r e  s o l v e d  by t h e
f i n i t e  volume scheme o f  Ja me so n .
A p p ly in g  Eq.  ( 4 . 1 1 )  t o  an a r b i t r a r y  c e l l ,  ABCD, and a p p r o x i m a t i n g  
t h e  i n t e g r a l s  by t h e  m i d p o i n t  r u l e ,  one o b t a i n s
H  ( # i j  V  + L ui j  * Ai j  Hio ■ 0 <4 - l 2 >
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Eq u a t i o n  ( 4 . 1 2 ) ,  w i t h  t h e  i n c l u s i o n  o f  a r t i f i c i a l  v i s c o s i t y ,  i s  w r i t t e n  
as
dt <Ai j  V  + L "ij - » Ui j  * Ai j  Hi j  = 0 (4-13>
where L i s  t h e  s p a t i a l  d i s c r e t i z a t i o n  o p e r a t o r ,  and
L Uf j  = FLXfle *  FLXbc  *  FLXcd  ♦  FLXDA ( 4 . 1 4 )
The components  o f  U^- a r e  now c e l l  a v e r a g e d  q u a n t i t i e s ;  A^j  i s  t h e  c e l l  
a r e a  o f  ABCD. The v e c t o r  FLX r e p r e s e n t s  t h e  f l u x e s  t h r o u g h  t h e  c e l l
s i d e s .  For  e x a m p le ,  FLX^g i s  w r i t t e n  a s  f o l l o w s
FLXAB = FAB aYAB '  GAB aXAB ^ , 1 5 ^
where F^g and G^g a r e  v i s c o u s  and i n v i s c i d  f l u x e s  t h r o u g h  t h e  s i d e  AB
and
aYAB = YB '  YA; aXAB = XB * XA 
I n v i s c i d  f l u x e s  a r e  e v a l u a t e d  from two a d j a c e n t  c e l l s  as
<F A B > i n v  = <F i j  + F l j - l > i n v /2 <4 - 1 6 >
To e v a l u a t e  t h e  v i s c o u s  f l u x e s  on t h e  c e l l  s i d e s ,  one must  e v a l u a t e  ux 
and Uy. Thes e  components  a r e  e v a l u a t e d  from G r e e n ' s  t h e o r e m  as f o l l o w s :
( « , ) »  “ ■ J ~ i  1J  “x I  « *  <4 ' ^ >
<"*>AB ■ ( » , ) ,  J - , «  * J ~ ^  / /  “x  * *  ■ -  I  « <« < « • » «
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In d i s c r e t e  f o r m ,  u x f o r  t h e  c e l l  s i d e  AB i n  F i g .  4 . 1  i s  w r i t t e n  as
( ux^AB = A. } . . 9 ^UE aYE + UB aYB + UF aYF + UA AV  (4*17c)
i , j - i / t
V e l o c i t i e s  a t  t h e  c e l l  c o r n e r s  a r e  e v a l u a t e d  f rom t h e  f o u r  a d j a c e n t  
c e l l s ,  and An- j _ i / 2  1S e v a l u a t e d  as
Ai , j - 1 / 2  '  1  ( Ai , j  + Ai , j - 1 ^
4 . 2 . 2 . 1  Boundary  C o n d i t i o n s  -  So f a r ,  o n ly  t h e  i n t e r i o r  c e l l s  have 
been  c o n s i d e r e d .  The i m p l e m e n t a t i o n s  o f  t h e  b ou nd a ry  c e l l s  a r e  c o n s i d e r  
in  t h i s  s e c t i o n .  These  i n c l u d e  s u p e r s o n i c  i n f l o w  and o u t f l o w ,  and s l i p  
and n o n s l i p  w a l l  b ou nd a ry  c o n d i t i o n s .  To d e t e r m i n e  t h e  i n f l o w  
q u a n t i t i e s ,  t h e  f l u x  v e c t o r s  w i l l  be  e v a l u a t e d  b ase d  on t h e  f r e e  s t r e a m  
c o n d i t i o n s .  For  o u t f l o w  c o n d i t i o n s ,  t h e  q u a n t i t i e s  a r e  e x t r a p o l a t e d  
f rom t h e  i n t e r i o r  p o i n t s .  For  t h e  i n v i s c i d  f lo w  a t  t h e  s o l i d  w a l l ,  a
z e r o  wal l  f l u x  c o n d i t i o n  i s  i m p l i e d ,  t h a t  i s
$  AS = 0 ( 4 . 1 8 )
n
where  Vn i s  t h e  normal wa l l  v e l o c i t y  and aS i s  t h e  w a l l  c e l l  s u r f a c e  
a r e a  ( F i g .  4 . 2 a ) .  E q u a t i o n  ( 4 . 1 8 )  i s  w r i t t e n  i n  C a r t e s i a n  c o o r d i n a t e s  
a s
Vp aS = u Ay -  v ax 
Thus f o r  i n v i s c i d  f l o w s ,  t h e  n e t  f l u x e s  t h r o u g h  f a c e  2 ( F i g .  4 . 2 a )  a r e  
f ( F  dy -  G dx)  = 0 C o n t i n u i t y  Eq.
/ ( F dy -  G dx)  = (P A y )  X-mom. Eq.
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/ ( F dy -  G dx)  = ( -P a x ) Y-mon. Eq.
/ ( F dy -  G dx)  = 0 Energy Eq. ( 4 . 1 9 )
P r e s s u r e  a t  t h e  w a l l  i s  e v a l u a t e d  by
pw = p i , i - §
The p r e s s u r e  g r a d i e n t  i s  c a l c u l a t e d  u s i n g  t h e  t h r e e  p o i n t  d i f f e r e n c i n g  
m et ho d .  For  v i s c o u s  f l o w ,  p r e s s u r e  g r a d i e n t  i s  s e t  t o  z e r o  (bo un da ry  
l a y e r  a s s u m p t i o n s ) .
F i n a l l y ,  t h e  no s l i p  bounda ry  c o n d i t i o n s  f o r  v i s c o u s  f lo w s  must  be
c o n s i d e r e d .  The wa l l  f l u x e s  a r e  d i v i d e d  i n t o  i n v i s c i d  and v i s c o u s
p a r t s ;  t h e  i n v i s c i d  p a r t s  a r e  e v a l u a t e d  f rom Eqs.  ( 4 . 1 9 ) .  Fo r  v i s c o u s
f l o w ,  t h e  v e l o c i t y  component  t a n g e n t  t o  t h e  wal l  must  be z e r o .  As t h e
r e s u l t  o f  t h i s  c o n s t r a i n t ,  t h e  v i s c o u s  f l u x  v e c t o r  i s  n o n z e r o .  For
ex a m p le ,  - | ^and be computed on f a c e  1 in  F i g .  4 . 2 b  as
3y ay
9u UA aXA + UB aXB + uc aXc
ay a,ABCD
aT t a  aXa + t b aXb + Tc aXc + t d aXd
( 4 . 2 0 a )
3y AABCD
,o r an a d i a b a t i c  wal l
For  f a c e  4 ,  t h e  g r a d i e n t  o f  T and u a r e  e v a l u a t e d  f rom t h e  g h o s t  c e l l  
CDEF.
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aT _ 'c QAc 
ay ~
T aX + t f  aXf  + t e aXe + t d aXd ( 4 . 2 0 b )
TD = Tp = TE = T.j j  f o r  an a d i a b a t i c  wal l
f o r  c o n s t a n t  wal l  t e m p e r a t u r e
and uE aXe + uc aXc
_
ay '
; uE = -  uc
Note t h a t  aX i s  d i r e c t i o n  d e p e n d e n t  ( aX  ^ = -  aXe ) .
4 . 2 . 2 . 2  A r t i f i c i a l  V i s c o s i t y  -  The f i n i t e  volume scheme (Eq.  
( 4 . 1 2 ) ) ,  u n l i k e  t h e  MacCormack scheme, i s  no t  i n h e r e n t l y  d i s s i p a t i v e  
a n d ,  t h e r e f o r e ,  i t  do es  a l l o w  undamped o s c i l l a t i o n s  w i t h  an a l t e r n a t e  
s i g n  a t  odd and even  g r i d  p o i n t s .  To p r e v e n t  l a r g e  o s c i l l a t i o n s  caused  
by a d i s c o n t i n u i t y ,  some k in d  o f  a r t i f i c i a l  damping must  be added  t o  t h e  
scheme.  The o r i g i n a l  damping p ro p o se d  by Jameson e t  a l .  [ 3 3 ]  i s  a b l en d  
o f  s e c o n d -  and f o u r t h - o r d e r  d i f f e r e n c i n g .  The b a s i c  i d e a  i s  t o  add t h e  
f o u r t h - o r d e r  d i s s i p a t i v e  t e r m s  t h r o u g h o u t  t h e  domain t o  p r o v i d e  a ba se  
l e v e l  o f  d i s s i p a t i o n  s u f f i c i e n t  t o  p r e v e n t  n o n l i n e a r  i n s t a b i l i t y ,  b u t  
n o t  enough t o  p r e v e n t  o s c i l l a t i o n s  in  t h e  n e ig horho od  of  shock waves .
For  t h e  l i n e a r  problem  w i th  c e n t r a l  d i f f e r e n c i n g  s chem es ,  t h e
n e i g h b o r i n g  p o i n t s  d e c o u p l e .  T h i s  odd-even  d e c o u p l i n g  p r e v e n t s  t h e  
p o s s i b i l i t y  o f  d r i v i n g  t h e  r e s i d u a l  t o  machine  z e r o .  For  t h e  n o n l i n e a r  
e q u a t i o n ,  t h e  v a l u e s  a r e  e v a l u a t e d  a t  t h e  c e l l  s i d e s  b e f o r e  e v a l u a t i n g  
t h e  f l u x e s .  T h is  n o n l i n e a r i t y  c o u p l e s  a l l  t h e  n e i g h b o r i n g  p o i n t s
t o g e t h e r .  However,  t h i s  c o u p l i n g  i s  weak and co n v e r g e n c e  t o  a s t e a d y
s t a t e  can be s low [ 3 3 ] .  In o r d e r  t o  c a p t u r e  t h e  shock wave s ,  a d d i t i o n a l
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s e c o n d - o r d e r  d i s s i p a t i v e  t e r m s  a r e  added l o c a l l y  by a s e n s o r  d e s i g n a t e d  
t o  d e t e c t  t h e  shock waves .  In r e c e n t  y e a r s ,  Jameson has  m o d i f i e d  t h e  
o r i g i n a l  damping t o  l e a d  t o  a scheme which w i l l  behave  l o c a l l y  l i k e  a 
TVD scheme [ 5 0 ,  5 1 ] .  Both dampings  were  t e s t e d  i n  t h i s  s t u d y  by s o l v i n g  
t h e  t w o - d i m e n s i o n a l  E u l e r  e q u a t i o n s .  The TVD damping p r e v e n t e d  t h e  p r e -  
and p o s t - s h o c k  o s c i l l a t i o n s  which were  o b s e r v e d  when t h e  o r i g i n a l  
damping was u s e d .  The r e s u l t s  o f  t h e  two dampings  a r e  compared in  t h e  
n e x t  c h a p t e r .  The o r i g i n a l  d i s s i p a t i o n  and t h e  TVD d i s s i p a t i o n  schemes 
m o d i f i c a t i o n s  a r e  o u t l i n e d  h e r e .  To p r e s e r v e  t h e  c o n s e r v a t i o n  form,  t h e  
d i s s i p a t i v e  t e r m s  a r e  g e n e r a t e d  by d i s s i p a t i v e  f l u x e s .  The damping t e r m  
i n  Eq. ( 4 . 1 3 )  i s  c a l c u l a t e d  f rom
Di , j  (U) = d i + l / 2 , j  '  d i - l / 2 , j  + d i , j + l / 2  “ d i , j - 1 / 2  ( 4 *2 1 '
where t h e  d i s s i p a t i v e  f l u x  i s  d e f i n e d  by
( 2 )
d i + 1 / 2 , j  = e i + l / 2 , j  Ri + 1 / 2 , j  (Ui + l , j  " Ui , j }
‘  e i + l / 2 , j  Ri + 1 / 2 , j  (Ui + 2 , j  '  3  Ui + l , j  + 3  Ui , j  '  V l . j 0
( 4 . 2 2 )
(2)  (4)
H e r e ,  an e i + l / 2  j  a r e  a d a Pt i v e  c o e f f i c i e n t s  and R1- + i / 2 j j  i s  a
c o e f f i c i e n t  chosen  t o  g iv e  t h e  d i s s i p a t i v e  te r m s  t h e  p r o p e r  s c a l e .  An
a p p r o p r i a t e  s c a l e  i s  [ 5 0 ]
w j - i f e ' S f j  ( 4 - 2 3 )
An e f f e c t i v e  s e n s o r  o f  t h e  p r e s e n c e  o f  a shock  wave can be c o n s t r u c t e d  
by t a k i n g  t h e  second d i f f e r e n c e  o f  t h e  p r e s s u r e .  D e f in e
v i j
p _ 2P + P
i + l  J  i »j  i - U  
T> ' +  '2P. . + P. . . i + l , J  i , J  i - l , J
( 4 . 2 4 )
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and s e t
v i + l / 2 , j  = max(v i+ 2 , j >  v i + l , j ’ v i , j ’ v i - l , j )
The c o e f f i c i e n t s  j  and e^ + 1 / 2  j  i n  t h e  o r i 9 i n a 1  forni were  w r i t t e n
as
and
where
( 2 ) _ « ( 2 ) -  /* 25 a l
i + l / 2 , j  "  K i + 1 / 2 , j  ( 4 . Z b a j
‘ m / 2 , 3  '  M x [ 0 "  (K<4) -  £ S r t / 2 , j ) 3  <4 ' 2 5 b >
K(2) = 0 . 2 5  and K<4 ) = 1 /256
The n o d i f i e d  c o e f f i c i e n t s  t ^  and e v4  ^ t h a t  have  a p p r o x i m a t e l y  t h e  TVD 
p r o p e r t y  a r e  w r i t t e n  a s
ei + l / 2 , j  = m n  f a   ^ v i + l / 2 , j ^  ( 4 . 2 6 a )
and
where
e i + l / 2 , j  = max(°*> k(  ^ ‘  “  vi + l / 2 , j )
k ( 2) = i ,  k (4)  = 1 / 6 4 ,  and a  = 2
( 4 . 2 6 b )
In a smooth r e g i o n ,  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  mesh w id th
and i s  o f  o r d e r  o n e ,  t h e r e f o r e ,  di +1 / 2 , j  ™ ( 4 *2 2 ) i s  o f  o r d e r
t h r e e .  In t h e  shock  r e g i o n ,  i s  z e r o ,  a n d ,  t h e r e f o r e ,  t h e  f o u r t h -
( 2 1o r d e r  damping i s  c u t  o f f  t o  p r e v e n t  o s c i l l a t i o n ,  and e i s  o f  o r d e r  
o n e ,  so t h a t  t h e  scheme behaves  l o c a l l y  l i k e  a f i r s t - o r d e r  scheme.  
However,  t h i s  does no t  e f f e c t  t h e  g l o b a l  seco nd  o r d e r  a c c u r a c y  of  t h e  
f i n i t e  volume scheme [ 3 5 ] .
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4 . 2 . 2 . 3  T i m e - S t e p p i n g  Scheme -  E q u a t i o n  ( 4 . 1 3 )  i s  d i s c r e t i z e d  
t e m p o r a l l y  and w r i t t e n  as
Un + 1  Un
N o  t - V - 2 1 ) * L u i j  - °  “ i j + Ai i  " ? j  1 0  i A- 27)
S u b s t i t u t i n g  Eq.  ( 4 . 7 )  f o r  t h e  s o u r c e  t e r m ,  Eq.  ( 4 . 2 7 )  i s  w r i t t e n  i n  
d e l t a  form as
[1 + I t  ( f ) " ]  4Un + 1  = -  [L u!Jj -  0 u j j  *  A . j  H " j ]  ( 4 . 2 8 )
 ^J
To adva nc e  Eq. ( 4 . 2 8 )  i n  t i m e ,  t h e  m o d i f i e d  f o u r - s t a g e  R-K t e c h n i q u e  in 
c o m b i n a t i o n  w i t h  t h e  h o u s e h o l d e r  t e c h n i q u e  [ 4 6 ,  47 ]  i s  emp lo ye d .  At 
t i m e  l e v e l  n ,  t h e  scheme i s  w r i t t e n  as
u<°) = U(n)
[ I  + i t  ({{})] 4 Uk = -  « k [L u " " 1 -  DU(0) + A , j  H j j  ]
 ^j
UK = U° + a UK
K = 1 , 4  ct  ^ = 1 / 4 ,  ( *2 = 1 / 3 ,  ol^  ~ “ 4 = *
y ( n + l )  = y ( 4 )
For  e f f i c i e n c y  p u r p o s e s ,  t h e  n a t u r a l  and a r t i f i c i a l  v i s c o s i t i e s  a r e  
e v a l u a t e d  a t  t h e  f i r s t  s t a g e  and f r o z e n  f o r  t h e  r e m a i n i n g  s t a g e s .
For  t i m e  a c c u r a t e  s o l u t i o n ,  t h e  c o m p u t a t i o n a l  t i m e  s t e p ,  A t ,  must 
s a t i s f y  t h e  s m a l l e s t  t i m e  s c a l e s  o f  t h e  f l u i d  and c h e m i s t r y ,  i . e . ,  
At = n i n  ( A t f , A tc h ) .  I f  t h e  s t e a d y  s t a t e  s o l u t i o n  i s  s o u g h t  ( a s  in 
t h i s  s t u d y ) ,  i t  i s  p o s s i b l e  t o  speed  up t h e  c o n v e r g e n c e  by u s i n g  a
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l a r g e r  t i m e  s c a l e  due t o  t h e  s o - c a l l e d  p r e c o n d i t i o n i n g  m a t r i x  ( l e f t  hand 
s i d e  b r a c k e t  in Eqs .  ( 4 . 8 )  and ( 4 . 2 8 ) ) ,  t h e  p u r p o s e  o f  which i s  t o  
n o r m a l i z e  t h e  v a r i o u s  t i m e  s c a l e s  so t h a t  t h e y  a r e  o f  t h e  same o r d e r  
[ 2 8 ] .  To f u r t h e r  sp eed  up t h e  c o n v e r g e n c e ,  t h e  s o l u t i o n  i s  advanced  in  
t i m e  w i t h  a t i m e  s t e p  d i c t a t e d  by t h e  l o c a l  s t a b i l i t y  l i m i t .  In t h e  
p r e s e n t  work ,  t h e  l o c a l  At i s  base d  on t h e  C o u r a n t - F r i e d r i c h s - L e w y  (CFL) 
s t a b i l i t y  l i m i t .  Local  t i m e  s t e p p i n g  a l l o w s  f a s t e r  s i g n a l  p r o p a g a t i o n ,  
and t h u s  f a s t e r  c o n v e r g e n c e .
The r a d i a t i v e  f l u x  t e r m  i s  e v a l u a t e d  f o r  b o th  g r a y  and nongray  
ga s e o u s  s y s t e m s .  In t h e  nongray  gas  f o r m u l a t i o n ,  t h e  d i v e r g e n c e  of  t h e  
r a d i a t i v e  f l u x  i s  e v a l u a t e d  u s i n g  a c e n t r a l  d i f f e r e n c i n g  scheme and i s  
t r e a t e d  as  r a d i a t i v e  s o u r c e  t e rm  i n  t h e  e n e rg y  e q u a t i o n .  S i n c e  t h e
r a d i a t i v e  f l u x  te rm  i s  in  i n t e g r o - d i f f e r e n t i a l  f o r m ,  u n l i k e  t h e  o t h e r  
f l u x  t e r m s  which a r e  o n l y  i n  a d i f f e r e n t i a l  f o rm ,  i t  i s  uncoup led  and 
t r e a t e d  s e p a r a t e l y .  In t h e  gr ay  gas f o r m u l a t i o n ,  Eqs .  ( 3 . 1 7 )  and ( 3 . 1 8 )  
a r e  d i s c r e t i z e d  by c e n t r a l  d i f f e r e n c i n g ,  fo rm in g  a t r i d i a g o n a l  m a t r i x  
( s e e  Appendix D) .  T h is  t r i d i a g o n a l  m a t r i x  can be s o l v e d  e f f i c i e n t l y  by 
t h e  Thomas a l g o r i t h m .  The r a d i a t i v e  f l u x e s  and c h e m i s t r y  r a t e s  a r e  
e v a l u a t e d  a t  t h e  f i r s t  s t a g e  and f r o z e n  in  t h e  r e m a i n i n g  s t a g e s .
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RESULTS AND DISCUSSION
Based on t h e  t h e o r y  and t h e  c o m p u t a t i o n a l  p r o c e d u r e s  d e s c r i b e d  
p r e v i o u s l y ,  two a l g o r i t h m s  were d e v e l o p e d  t o  s o l v e  t h e  t w o - d i m e n s i o n a l  
N a v i e r - S t o k e s  e q u a t i o n s  f o r  c h e m i c a l l y  r e a c t i n g  and r a d i a t i n g  s u p e r s o n i c  
f l o w s .  The p e r f o r m a n c e s  o f  two damping schemes a r e  compared by s o l v i n g  
t h e  E u l e r  e q u a t i o n s  f o r  s u p e r s o n i c  f l o w  t h r o u g h  a c hann e l  w i t h  a t e n  
d e g r e e  c o m p r e s s i o n - e x p a n s i o n  ramp ( F ig  5 . 1 ) .  Then ,  t h e  N a v i e r - S t o k e s  
e q u a t i o n s  a r e  s o l v e d  by a f i n i t e  d i f f e r e n c e  and a f i n i t e  volume scheme,  
and r e s u l t s  a r e  compared w i th  a n o t h e r  c o m p u t a t i o n a l  m eth od .  F i n a l l y ,  
t h e  e x t e n t  o f  t h e  r a d i a t i v e  h e a t  t r a n s f e r  i n  s u p e r s o n i c  c h e m i c a l l y  
r e a c t i n g  f lo w s  i s  i n v e s t i g a t e d .
For  s i m p l i c i t y  i n  t h e  r e s t  o f  t h i s  d i s c u s s i o n ,  t h e  o r i g i n a l  damping
i s  r e f e r r e d  t o  as Damp! and t h e  m o d i f i e d  TVD v e r s i o n  as Danp2.  In t h e
nu m er i ca l  e x p e r i m e n t  w i t h  Dampl, i t  was found  t h a t  t h e  t a n g e n t i a l
( 2 )component o f  t h e  second  o r d e r  d i s s i p a t i o n  (e^ ' )  becomes l a r g e  a t  t h e  
i n l e t  r e g i o n  and t h i s  c a u s e s  t h e  f low  t o  s e p a r a t e  n e a r  t h e  b o u n d a r y .  
The e x c e s s i v e  damping i s  b e c a u s e  o f  t h e  p r e s s u r e  jump ca u sed  by t h e  
l e a d i n g  edge s h o c k .  T h is  b e h a v i o r  was a l s o  o b s e r v e d  by Turke l  [3 4 ]  a t  
t h e  l e a d i n g  and t r a i l i n g  edges  o f  t h e  a i r f o i l .  He s u g g e s t e d  m u l t i p l y i n g  
t h e  v i s c o s i t y  by (M/M ) ^ .  Chen e t  a l .  [ 5 2 ]  s u g g e s t e d  m u l t i p l y i n g  
by a l i n e a r  f a c t o r  which i s  z e r o  n e a r  t h e  bo undar y  and one i n  t h e  
f a r f i e l d .  The c o e f f i c i e n t s  and must  be r e a d j u s t e d  each  t im e
56
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M>1 OUT FLOW
F i g .  5.1 Flow in  a chann e l  w i t h  c o m p r e s s i o n - e x p a n s i o n  c o r n e r s .
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by c h a n g i n g  t h e  f r e e  s t r e a m  c o n d i t i o n s  or  t h e  g r i d  s i z e .  The above
p ro b lem s make Dampingl  l e s s  d e s i r a b l e .  On t h e  o t h e r  h a n d ,  Damp2 l e a d s
( 2 )
t o  a scheme which  w i l l  be ha ve  l o c a l l y  l i k e  TVD scheme a s  l ong  a s  e 
in  Eq.  ( 4 . 2 6 a )  i s  e q u a l  t o  1 / 2  i n  t h e  n e i g h b o r h o o d  o f  a shock  wave.
5 .1  N o n - R e a c t i n g  Flows
The n o n - r e a c t i n g  f l ow  e q u a t i o n s  a r e  s o l v e d  f i r s t  f o r  i n v i s c i d  and 
t h e n  f o r  v i s c o u s  f l o w s .  The i n v i s c i d  f lo w s  a r e  c o n s i d e r e d  f o r  compar ing  
t h e  p e r f o r m a n c e  and a c c u r a c i e s  o f  two damping schemes  (Dampl and TVD 
Damp) i n  t h e  f i n i t e  volume scheme.  The r e s u l t s  a r e  compared w i th
c a l c u l a t e d  r e s u l t s  o f  t h e  i n v i s c i d  f lo w  by t h e  f i n i t e  d i f f e r e n c e  scheme 
o f  MacCormack. In t h e  r e m a i n d e r  o f  t h i s  c h a p t e r ,  w h e r e v e r  f i n i t e  
d i f f e r e n c e  and f i n i t e  volume schemes a r e  r e f e r r e d ,  t h e  r e f e r e n c e  i s  t o  
t h e  MacCormack and Jameson  s c h e m e s ,  r e s p e c t i v e l y .
The E u l e r  e q u a t i o n s  were  s o l v e d  f o r  i d e a l  gas f l o w i n g  a t  M = 5 ,
go
T = 293 K, and P = 1 atm in  t h e  ch an n e l  w i t h  a c o m p r e s s i o n -
00 CO
e x p a n s i o n  ramp ( F i g .  5 . 1 ) .  A 51x51 g r i d  w i t h  u n i f o r m  s p a c i n g  i n  bo th 
t h e  f lo w  and normal d i r e c t i o n  was used  t o  s o l v e  t h e  f l o w .  F i g u r e s  5 . 2 -
5 . 4  show t h e  r e s u l t s  f o r  t h e  t e m p e r a t u r e ,  p r e s s u r e ,  and d e n s i t y  
v a r i a t i o n s ,  as  a f u n c t i o n  of  x f o r  t h r e e  l o c a t i o n s  a c r o s s  t h e  channel  
( l o w e r  b o u n d a r y ,  c e n t e r  o f  t h e  ch an ne l  and u p p e r  b o u n d a r y ) .  The r e s u l t s  
a r e  o b t a i n e d  by em plo yi ng  t h e  f i n i t e  volume scheme w i t h  Dampl.  S i m i l a r  
r e s u l t s  a r e  i l l u s t r a t e d  in  F i g s .  5 . 5 - 5 . 7  when Damp2 i s  employed i n  t h e  
f i n i t e  volume scheme.  Compar ing  t h e  r e s u l t s  o f  F i g s .  5 . 2 - 5 . 4  w i t h  t h e  
r e s u l t s  o f  F i g s .  5 . 5 - 5 . 7 ,  i t  i s  se en  t h a t  p r e -  and p o s t - s h o c k  o s c i l l a ­
t i o n s  a r e  removed by e m plo yi ng  Damp2. As m e n t i o n e d  p r e v i o u s l y ,  
em p lo y in g  Damp2, t h e  scheme be ha ves  l o c a l l y  l i k e  a TVD scheme as  lo ng  as
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t h e  c o e f f i c i e n t  i s  s e t  equa l  t o  1 / 2  i n  t h e  n e i g h b o rh o o d  of  a shock  
wave . The t e m p e r a t u r e ,  p r e s s u r e ,  and d e n s i t y  e v a l u a t e d  by t h e  f i n i t e  
d i f f e r e n c e  scheme a r e  p l o t t e d  a t  t h e  lo we r  w a l l ,  c e n t e r  o f  t h e  c h a n n e l ,  
and t h e  u p p e r  wa l l  i n  F i g s .  5 . 8 - 5 . 1 0 ,  r e s p e c t i v e l y .  The d e n s i t y  a t  t h e  
lo w e r  wal l  i s  s l i g h t l y  o v e r p r e d i c t e d  in  co m pa r i so n  t o  i d e a l  gas  f l o w i n g  
t h r o u g h  a t e n  d e g r e e  s h o c k ;  c o n s e q u e n t l y ,  t h e  t e m p e r a t u r e  i s  s l i g h l y  
u n d e r p r e d i c t e d .
Fo r  t h e  s o l u t i o n  o f  t h e  v i s c o u s  f l o w ,  two t e s t  c a s e s  were s e l e c t e d .  
The f i r s t  c a s e  c o n s i d e r e d  i n  t h a t  o f  a s u p e r s o n i c  f lo w  o v e r  a f l a t  p l a t e  
and t h e  second  c a s e  i s  o f  a s u p e r s o n i c  f l ow  in  a c h a n n e l .  The s i m p l e s t  
way t o  t e s t  t h e  b e h a v i o r  o f  a N a v i e r - S t o k e s  s o l v e r  i s  t o  s o l v e  f o r  t h e  
f l o w  w i t h  a low Reynolds  number o v e r  a f l a t  p l a t e .  In t h i s  c a s e ,  a 
t e m p e r a t u r e  eq ua l  t o  t h e  s t a g n a t i o n  t e m p e r a t u r e  was s p e c i f i e d  a t  t h e  
w a l l .  Us ing  t h e  f l u i d  p r o p e r t i e s  s p e c i f i e d  in  T a b le  5 . 1  and a un i fo rm  
g r i d  d i s t r i b u t i o n ,  v a r i a t i o n s  i n  t h e  t e m p e r a t u r e  and t h e  two v e l o c i t y  
components  were  c a l c u l a t e d  a t  t h e  e x i t  p l a n e  and t h e s e  a r e  p l o t t e d  in 
F i g s .  5 . 1 1 - 5 . 1 3 .  The p r o f i l e s  show very  good ag reem en t  w i t h  t h e  
c a l u l a t i o n s  pe r fo rm ed  by C a r t e r  [ 5 3 ] .  The o s c i l l a t i o n  o b s e r v e d  in  F i g s .  
5 .1 1  and 5 . 1 2  a r e  due t o  t h e  bow shock from t h e  p l a t e  l e a d i n g  ed ge .
In t h e  second  c a s e ,  t h e  s o l u t i o n s  a r e  o b t a i n e d  f o r  t h e  s u p e r s o n i c  
f l ow  i n  t h e  channel  w i t h  a c o m p r e s s i o n - e x p a n s i o n  ramp.  The f r e e  s t r e a m  
p r o p e r t i e s  c o n s i d e r e d  a r e  Mw = 5 ,  T^ = 293K. and = 0 . 1  a tm.  The 
c o r r e s p o n d i n g  f r e e s t r e a m  Reynolds  number a t  t h e  e x i t  p l a n e  i s  a b o u t  
1 .1x10®. T h i s  i s  a s i g n i f i c a n t l y  more d i f f i c u l t  c a s e  compared t o  t h e  
f i r s t  c a s e .  To c a p t u r e  t h e  bounda ry  l a y e r ,  t h e  g r i d s  a r e  compres sed  
n e a r  t h e  b o u n d a r i e s ;  c o n s e q u e n t l y ,  t h e  g r i d  a s p e c t  r a t i o  becomes very  
l a r g e .  The n o n - u n i f o r m i t y  of  t h e  g r i d  c r e a t e s  s i g n i f i c a n t  p r ob lems  
f o r  some schem es .  Fo r  e x am pl e ,  t h e  f i n i t e  volume scheme w i th  Dampl
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c ou ld  a c c u r a t e l y  p r e d i c t  t h e  p r e s s u r e  p r o f i l e s  t h r o u g h  t h e  c h a n n e l ,  b u t
i t  i s  no t  c a p a b l e  o f  p r e d i c t i n g  t h e  t e m p e r a t u r e  o r  v e l o c i t y  p r o f i l e s .
I t  was found t h a t  t h e  Jameson scheme w i t h  Dampl i s  c a p a b l e  of  s o l v i n g
t h e  v i s c o u s  f low f o r  a Reyno lds  number o f  up t o  t e n  t h o u s a n d .  For  f l ow s
wi th  Reynold s  numbers on t h e  o r d e r  o f  a m i l l i o n  and a b o v e ,  t h e  v i s c o u s
p r o p e r t i e s  c o u ld  no t  be p r e d i c t e d  a c c u r a t e l y .  Dampl was o r i g i n a l l y
d e v e lo p e d  f o r  t h e  s o l u t i o n  o f  i n v i s c i d  f lows  on a g r i d  w i t h  an a s p e c t
r a t i o  o f  o r d e r  o n e .  Fo r  t h e  s o l u t i o n  of  v i s c o u s  f l o w s ,  i t  i s  no t
unusua l  t o  have  a g r i d  w i t h  an a s p e c t  r a t i o  on t h e  o r d e r  o f  two t o
t h r e e .  T h i s  n o n - u n i f o r m i t y  c r e a t e s  an e x c e s s i v e  amount o f  damping in
t h e  f l o w  d i r e c t i o n  and i n s u f f i c i e n t  damping in  t h e  normal d i r e c t i o n .
V a r io u s  i n v e s t i g a t o r s  [ 3 6 ,  54] have s u g g e s t e d  d i f f e r e n t  t e c h n i q u e s  t o
make t h e  damping u n i f o rm  in  bo th  d i r e c t i o n s .  I t  was found t h a t  by
s u b s t i t u t i n g  At and A t in s te a d  o f  At in  Eq. ( 4 . 2 3 ) ,  t h a t  th e  damping x y
became more u n i f o r m ;  t h i s  c o u ld  a l s o  be a c h i e v e d  by s u b s t i t u t i n g  p 
i n s t e a d  o f  P i n  Eq.  ( 4 . 2 4 ) .  Of c o u r s e ,  t h i s  m o d i f i c a t i o n  r e q u i r e s  t h e  
r e a d j u s t m e n t  o f  c o e f f i c i e n t s ,  and in  Eqs .  ( 4 . 2 5 ) .  By
em plo ying  Damp2 i n s t e a d  o f  Dampl,  t h e  scheme became n o n o s c i l l a t o r y ,  
r o b u s t ,  and more a c c u r a t e .  The s o l u t i o n  was o b t a i n e d  f o r  Reynolds 
numbers o f  one m i l l i o n  and t e n  m i l l i o n  w i th  two d i f f e r e n t  g r i d s .  The
r e s u l t s  showed t h e  same t r e n d  as t h e  r e s u l t s  o f f i n i t e  d i f f e r e n c e
scheme.
F i g u r e s  5 . 1 4 - 5 . 1 9  i l l u s t r a t e  t h e  p r e s s u r e  and t e m p e r t u r e  p r o f i l e s
f o r  51x51 and 101x51 g r i d s  and f o r  f r e e s t r e a m  p r o p e r t i e s  of  = .1 a tm,
T = 293K, and M = 5 .  F i g u r e s  5 . 1 4  and 5 .1 5  i l l u s t r a t e  t h e  p r e s s u r e  
00 00
p r o f i l e s  a t  t h e  lower  wa l l  and t h e  c e n t e r  o f  t h e  c h a n n e l ,  and F i g .  5 .1 6  
r e p r e s e n t s  t h e  p r e s s u r e  a t  t h e  uppe r  w a l l .  The t e m p e r a t u r e  p r o f i l e s  a t
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t h e s e  l o c a t i o n s  a r e  p l o t t e d  i n  F i g s .  5 . 1 7 - 5 . 1 9 .  Reducing  t h e  number o f  
g r i d  p o i n t s  in t h e  f low d i r e c t i o n  r e s u l t e d  in  h i g h e r  t e m p e r a t u r e s  and 
lo w er  p r e s s u r e  t h r o u g h  t h e  shock  w i t h i n  t h e  boundary  l a y e r .  Th is  i s  due 
t o  t h e  e x c e s s i v e  amount o f  a r t i f i c i a l  v i s c o s i t y  i n  t h e  s t r e a m w is e  
d i r e c t i o n .  For  optimum r e s u l t s ,  g r i d  must  be compres sed  in  t h e  
s t r e a m w i s e  d i r e c t i o n  f o r  t h e  h igh g r a d i e n t  r e g i o n s  t o  r edu ce  t h e  g r i d  
a s p e c t  r a t i o .
The v i s c o u s  f l ow  p r o p e r t i e s  were  c a l c u l a t e d  by t h e  f i n i t e
d i f f e r e n c e  and f i n i t e  volume schemes ;  t h e  r e s u l t s  a r e  compared w i t h  t h e  
c a l c u l a t i o n s  pe r fo rm ed  by C h a k r a v a r t h y  [ 5 5 ]  u s i n g  t h e  Roe scheme. The 
p r e s s u r e  p r o f i l e s  a r e  i l l u s t r a t e d  i n  F i g s .  5 . 2 0 - 5 . 2 2  f o r  t h e  same t h r e e  
l o c a t i o n s  a c r o s s  t h e  channe l  as i n  F i g s .  5 . 1 4 - 5 . 1 9 .  The c a l c u l a t e d  
r e s u l t s  p r e d i c t  a p r e s s u r e  jump a t  t h e  i n l e t ,  which i s  c a u se d  by t h e  
p r e s e n c e  o f  a shock from t h e  l e a d i n g  edge  o f  t h e  c h a n n e l .  Downstream of  
t h e  channel  on t h e  lo w er  wa l l  t h e r e  i s  an i n c r e a s e  i n  t h e  p r e s s u r e .  A 
c l o s e  e x a m i n a t i o n  of  t h e  r e s u l t s  showed t h a t  due t o  t h e  i n t e r a c t i o n  of  
l e a d i n g  edge  shock w i t h  t h e  shock and e x p a n s i o n  f a n s  f rom t h e  
c o m p r e s s i o n - e x p a n s i o n  c o r n e r s ,  t h e  v e l o c i t y  v e c t o r  in  t h a t  r e g i o n  has an 
a n g l e  l e s s  th an  one d e g r e e  w i t h  t h e  b o u n d a r i e s .  The i n t e r a c t i o n  o f  t h e  
f l o w  w i t h  t h e  lo w e r  wal l  c r e a t e s  a s e r i e s  of  flach waves which ca u s e s  a 
smal l  i n c r e a s e  i n  t h e  p r e s s u r e .  On t h e  up p er  wall  in  t h e  shock boundary  
l a y e r  i n t e r a c t i o n  r e g i o n ,  t h e  p r e s s u r e  p r e d i c t e d  by t h e  f i n i t e
d i f f e r e n c e  scheme shows an o s c i l l a t i o n .  The c a l c u l a t e d  r e s u l t s  compare 
ve ry  we l l  w i th  t h e  Roe scheme.  F i g u r e s  5 . 2 3 - 5 . 2 5  i l l u s t r a t e  t h e  
s t r e a m w i s e  v e l o c i t y  f o r  t h e  same l o c a t i o n s  as p r e s s u r e .  At t h e  
c o m p r e s s i o n  c o r n e r ,  t h e  MacCormack scheme shows t h e  f lo w  t o  be
s e p a r a t e d ,  w h i l e  t h e  o t h e r  two schemes p r e d i c t e d  t h e  same t r e n d  bu t  t h e
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f l o w  was n o t  q u i t e  s e p a r a t e d .  The shock i n t e r a c t i o n  w i t h  t h e  u pp e r
bo undar y  c r e a t e s  a sma l l  s e p a r a t i o n  b u b b l e .  The f lo w  i s  f u l l y  s e p a r a t e d
a t  X/Lx = 0 . 7 ;  t h i s  i s  p r e d i c t e d  by a l l  t h r e e  sch em es .  The s t r e a m w i s e  
v e l o c i t y  i l l u s t r a t e d  i n  F i g s .  5 . 2 4  and 5 . 2 5  i n d i c a t e  t h a t  t h e  Jameson 
scheme p r e d i c t s  a d e c r e a s e  i n  v e l o c i t y  b e f o r e  t h e  shock  and t h e
s e p a r a t i o n  r e g i o n .  T h i s  i s  due t o  t h e  e x c e s s i v e  amounts  o f  a r t i f i c i a l  
v i s c o s i t y  i n  t h e  n e i g h b o rh o o d  o f  sh ocks  when t h e  g r i d  s p a c i n g  i s  l a r g e  
i n  s t r e a m w i s e  d i r e c t i o n .  To r e d u c e  t h e  e x c e s s i v e  amount o f  s t r e a m w i s e  
d i s s i p a t i o n  i n  t h e  shock  v i c i n i t y ,  t h e  s c a l i n g  f a c t o r  (Ecu ( 4 . 2 3 ) )  must 
be r e d u c e d .  T h i s  can be a c h i e v e d  in  two ways ,  one by r e d u c i n g  t h e  g r i d  
c e l l  a r e a  and t h e  o t h e r  by i n c r e a s i n g  t h e  t i m e  s t e p  in  t h e  f lo w
d i r e c t i o n .  R educ ing  t h e  g r i d  c e l l  a r e a  i n  t h e  shock v i c i n i t y  r e q u i r e s  
more g r i d  p o i n t s .  However ,  i f  t h e r e  a r e  enough p o i n t s  i n  t h e  f l ow
d i r e c t i o n ,  t h i s  can be a c h i e v e d  by c o m p r e s s i n g  t h e  g r i d  in  t h e  f low
d i r e c t i o n .  For  t h e  h i g h l y  s t r e t c h e d  g r i d ,  i t  i s  recommended t h a t  R be
s c a l e d  (Eq.  ( 4 . 2 3 ) ) ,  w i t h  r e s p e c t  t o  l o c a l  Atx f o r  t h e  f l ow d i r e c t i o n
and l o c a l  At^ i n  t h e  normal d i r e c t i o n  as  opposed  t o  A t ^ L which was 
used in  t h i s  s t u d y .  A l s o ,  t h e  r e s u l t s  c a l c u l a t e d  u s i n g  t h e  f i n i t e  
volume scheme p r e d i c t  a f a s t e r  d rop in t h e  v e l o c i t y  n e a r  t h e  l e a d i n g  
edge  t h a n  t h e  R o e ' s  scheme.
T e m p e r a t u r e  p r o f i l e s  a r e  shown in F i g s .  5 . 2 6 - 5 . 2 8 .  T e m p e r a t u r e  i s  
t h e  most  s e n s i t i v e  and d i f f i c u l t  p r o p e r t y  t o  p r e d i c t  a c c u r a t e l y .  In t h e  
f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s ,  t e m p e r a t u r e  i s  s t r o n g l y  d e p e n d e n t  on t h e  
i m p l i c a t i o n  o f  t h e  boun da ry  c o n d i t i o n s .  In t h i s  work,  i t  i s  assumed 
t h a t  t h e  w a l l s  a r e  a d i a b a t i c .  Th is  c o u ld  be e n f o r c e d  by e i t h e r  
3T/ay
o b t a i n e d  by e n f o r c i n g  t h e  z e r o  t e m p e r a t u r e  g r a d i e n t .  The same t r e n d s  
a r e  p r e d i c t e d  by a l l  t h r e e  schemes .  The a p p r o x i m a t e  t e m p e r a t u r e
= 0 o r  aH/ay
y = 0
= 0 (Appendix E ) .  The above r e s u l t s  were
y=o
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r e c o v e r y  f a c t o r  f o r  c o m p r e s s i b l e  la m in ar  f lo w  w i t h  M = 5 and P r  = 0 . 7 2  
i s  5 . 2 5  [ 5 6 ] .  Thi s  v a l u e  i s  p r e d i c t e d  by t h e  Jameson  and Roe schemes 
t o w a r d s  t h e  ch an n e l  o u t l e t .  The above r e c o v e r y  f a c t o r  can be p r e d i c t e d  
w i t h  t h e  f i n i t e  d i f f e r e n c e  scheme by e n f o r c i n g  t h e  z e r o  e n t h a l p y  
g r a d i e n t  a t  t h e  b o u n d a r y .  F i g u r e s  5 . 2 9 - 5 . 3 1  i l l u s t r a t e  t h e  t e m p e r a t u r e  
p r o f i l e s  when z e r o  e n t h a l p y  g r a d i e n t  was e n f o r c e d  f o r  t h e  f i n i t e  
d i f f e r e n c e  scheme.  T e m p e r a t u r e  i n c r e a s e s  v e ry  r a p i d l y  a t  t h e  l e a d i n g  
ed ge  due  t o  t h e  f l o w  s t a g n a t i n g  f rom t h e  f r e e  s t r e a m  w i t h i n  one g r i d  
s p a c i n g .
5 . 2  R e a c t i n g  and R a d i a t i n g  Flows
B e f o r e  p r o c e e d i n g  i n t o  t h e  e v a l u a t i o n  o f  t h e  r a d i a t i v e  h e a t  
t r a n s f e r ,  t h e  p e r f o r m a n c e  o f  t h e  f i n i t e  volume and d i f f e r e n c e  schemes i s  
compared f o r  c h e m i c a l l y  r e a c t i n g  f l o w s .  Premixed  h y d r o g e n - a i r  w i t h  an 
e q u i v a l e n c e  r a t i o  o f  u n i t y  f l o w s  t h r o u g h  a channel  ( F i g .  5 . 3 2 )  w i t h  a 
t e n  d e g r e e  c o m p r e s s i o n  c o r n e r ,  and f r e e s t r e a m  c o n d i t i o n s ,  P^ = 1 a tm ,  
T = 900°K,  M = 4 .  A s w i t c h  i s  b u i l t  i n t o  t h e  code  t o  p r e v e n t
oo oo
che m ic a l  r e a c t i o n  f o r  t e m p e r a t u r e s  below 1000°K. The r e s u l t s  f o r  0£ and 
1^0 a r e  p l o t t e d  f o r  two d i f f e r e n t  l o c a t i o n s  a c r o s s  t h e  ch an n e l  i n  F i g s .  
5 . 3 3  and 5 . 3 4 .  Due t o  t h e  h ig h  t e m p e r a t u r e  in  t h e  bound ary  l a y e r ,  t h e  
f l o w  i s  i g n i t e d  b e f o r e  t h e  s h o c k ,  but  o u t s i d e  t h e  bo un da ry  l a y e r  t h e r e  
i s  no chem ic a l  r e a c t i o n  in  t h e  f lo w  b e f o r e  t h e  shock wave . The f i n i t e  
d i f f e r e n c e  scheme shows o s c i l l a t o r y  b e h a v i o r  n e a r  t h e  s h o c k .  The 
r e s u l t s  p r e d i c t e d  by b o th  schemes a r e  s e e n  t o  be i n  a good a g r e e m e n t .
R a d i a t i v e  f l u x  i s  a s t r o n g  f u n c t i o n  o f  t e m p e r a t u r e  and p r e s s u r e  
g r a d i e n t s .  The t e m p e r a t u r e  g r a d i e n t  o v e r  a g r i d  s p a c i n g  i s  g r e a t e r  in  
t h e  normal d i r e c t i o n  t h a n  t h e  s t r e a m w i s e  d i r e c t i o n .  T h e r e f o r e ,  i t  i s
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F i g .  5 . 3 2  Geometry and  f low c o n d i t i o n s  f o r  c h e m i c a l l y  
r e a c t i n g  and r a d i a t i n g  f low c a s e .
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r e a s o n a b l e  t o  assume t h a t  r a d i a t i v e  h e a t  t r a n s f e r  i s  n e g l i g a b l e  i n  f l ow  
d i r e c t i o n .  However ,  i n  g e n e r a l ,  t h i s  i s  no t  t h e  c a s e  b e c a u s e  t h e  g l o b a l  
g r a d i e n t  o f  t h e  t e m p e r a t u r e  has a s i g n i f i c a n t  e f f e c t  on t h e  r a d i a t i v e  
f l u x .  T hr ee  d i f f e r e n t  g e o m e t r i e s  a r e  employed f o r  v a r i o u s  p a r a m e t r i c  
s t u d i e s .  One i s  a channel  w i t h  two p a r a l l e l  p l a t e s  a d i s t a n c e  L a p a r t  
( F i g .  3 . 2 ) ;  t h e  o t h e r  i s  a channel  w i t h  a t e n  d e g r e e  c o m p r e s s i o n -  
e x p a n s i o n  ramp a t  t h e  lower  bo un da ry  ( F i g .  5 . 1 ) .  The t h i r d  geomet ry  i s  
3 cha nn e l  w i t h  a co m p re ss io n  c o r n e r  a t  t h e  lo w er  boundary  ( F i g .  5 . 3 2 ) .  
For  t h e  t e m p e r a t u r e  rang e  e x p e c t e d  i n  t h e  s c r a m j e t  c o m b u s t o r ,  t h e  
i m p o r t a n t  r a d i a t i n g  s p e c i e s  a r e  OH and H2 O. The s p e c t r a l  i n f o r m a t i o n  
and c o r r e l a t i o n  q u a n t i t i e s  needed  f o r  t h e s e  s p e c i e s  a r e  o b t a i n e d  from 
R e f .  20 .  Both r e a c t i n g  and n o n r e a c t i n g  f lo ws  a r e  c o n s i d e r e d .  R e s u l t s  
f o r  t h e  n o n r e a c t i n g ,  o n e - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r  a r e  p r e s e n t e d  in  
F i g s .  5 . 3 5 - 5 . 3 8 .  Comple ted i n f o r m a t i o n  on o n e - d i m e n s i o n a l  r a d i a t i v e  
t r a n s f e r  w i t h  chem ic a l  r e a c t i o n  i s  p r o v i d e d  in  R e f .  4 3 .  S e l e c t e d  
r e s u l t s  o f  t h e  o n e - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r  a n a l y s i s  a r e  d i s c u s s e d  
h e r e  b r i e f l y .
For  t h e  p a r a l l e l  p l a t e  c a s e  (3 cm xlO cm) ,  t h e  i n f l o w  c o n d i t i o n s
a r e  = 1 a tm ,  T^ = 1700K, = 3 . 0 ,  and f ^  q = 0 . 5 ,  f p  = .1 and
f M = 0 . 4 .  R e s u l t s  f o r  t h e  r a d i a t i v e  f l u x ,  as  a f u n c t i o n  of  t h e  
2
n o n d i m e n s i o n a l  l o c a t i o n  a lo n g  t h e  f l o w ,  a re  i l l u s t r a t e d  i n  F i g .  5 . 3 5  f o r  
v a r i o u s  d i s t a n c e s  f rom t h e  lo w er  p l a t e .  I t  i s  no te d  t h a t  t h e  r a d i a t i o n  
f l u x  i s  a p p r o x i m a t e l y  z e r o  i n  t h e  c e n t e r  o f  t h e  channel  (y = 1 .5  cm) and 
i s  s i g n i f i c a n t l y  h i g h e r  to w ard s  t h e  t o p  and bot t om  o f  t h e  p l a t e s .  T h i s ,  
h ow eve r ,  would be e x p e c t e d  b e c a u s e  of  t h e  symmetry o f  t h e  problem and 
t h e  r e l a t i v e l y  h i g h e r  t e m p e r a t u r e  n e a r  t h e  b o u n d a r i e s .  The v a r i a t i o n s  
i n  t h e  r a d i a t i v e  f l u x  a r e  due t o  t h e  l e a d i n g  edge  shock i n t e r a c t i o n  w i t h  
t h e  b o u n d a r i e s .
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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The r e s u l t s  f o r  r a d i a t i v e  f l u x  a r e  i l l u s t r a t e d  in  F i g s .  5 .3 6  and
5 . 3 7  a s  a f u n c t i o n  o f  t h e  n o n d im e n s io n a l  y - c o o r d i n a t e .  For  P = 1 a tm ,
t h e  r e s u l t s  p r e s e n t e d  i n  F i g .  5 . 3 6  f o r  d i f f e r e n t  w a t e r  v a p o r
c o n c e n t r a t i o n s  i n d i c a t e  t h a t  t h e  r a d i a t i v e  i n t e r a c t i o n  i n c r e a s e s  s l o w l y
w i t h  an i n c r e a s e  i n  t h e  amount o f  t h e  g a s .  The r e s u l t s  f o r  50% i^O a r e
i l l u s t r a t e d  i n  F i g .  5 . 3 7  f o r  two d i f f e r e n t  p r e s s u r e s  (P = 1 and 3 atm) 
^  00
and x - l o c a t i o n s  (x = 5 and 10 cm) .  I t  i s  n o t e d  t h a t  t h e  i n c r e a s e  i n  
p r e s s u r e  h a s  d r a m a t i c  e f f e c t s  on t h e  r a d i a t i v e  i n t e r a c t i o n .  The 
c o n d u c t i o n  and r a d i a t i o n  h e a t  t r a n s f e r  r e s u l t s  a r e  compared i n  F i g .  5 . 3 8  
f o r  P = 3 atm and f o r  two d i f f e r e n t  x - l o c a t i o n s  (x = 5 and 10 cm).  The 
r e s u l t s  d e m o n s t r a t e  t h a t  t h e  c o n d u c t i o n  h e a t  t r a n s f e r  i s  r e s t r i c t e d  t o  
t h e  r e g i o n  n e a r  t h e  b o u n d a r i e s  and does no t  change  s i g n i f i c a n t l y  f rom 
one x - l o c a t i o n  t o  a n o t h e r .  The r a d i a t i v e  i n t e r a c t i o n ,  howeve r ,  i s  se en  
t o  be i m p o r t a n t  e v e r y w h e r e  i n  t h e  c h a n n e l ,  and t h i s  can have an 
i n f l u e n c e  on t h e  e n t i r e  f l o w f i e l d .  The r e s u l t s  p r e s e n t e d  i n  F i g s .  5 . 3 6 -
5 . 3 8  s h o u l d  be p h y s i c a l l y  s y m m e t r i c ,  b u t  due t o  t h e  p r e d i c t o r - c o r r e c t o r  
p r o c e d u r e  us ed  i n  t h e  M acCo rnack ' s  scheme,  t h e y  e x h i b i t  some un sy m m etr i -  
c a l  b e h a v i o r .
F o r  t h e  p a r a l l e l  p l a t e  g e o m e t r y ,  a co m p a r i s o n  of  t h e  d i v e r g e n c e  of 
r a d i a t v e  f l u x  f o r  g e n e r a l  ( n o n g r a y ) ,  g r a y  and t h e i r  o p t i c a l l y  t h i n  l i m i t  
models  i s  p r e s e n t e d  i n  F i g .  5 . 3 9  f o r  two d i f f e r e n t  y - l o c a t i o n s  (y = 0 . 2  
and 1 . 5  cm) .  The i n f l o w  c o n d i t i o n s  a r e  P = 1 a tm ,  T = 1700K,
00 CO
M = 4 . 3 .  The g r a y  gas  f o r m u l a t i o n  i s  b a s e d  on t h e  p la nck  mean 
00
a b s o r p t i o n  c o e f f i c i e n t  which a c c o u n t s  f o r  t h e  d e t a i l e d  i n f o r m a t i o n  on 
d i f f e r e n t  m o l e c u l a r  b a n d s .  As s u c h ,  t h i s  a p p r o a c h  i s  r e f e r r e d  t o  as  t h e  
" p s e u d o - g r a y  f o r m u l a t i o n . "  The m a g n i t u d e  o f  o p t i c a l  t h i c k n e s s  
c a l c u l a t e d  f o r  t h i s  c a s e  ( 0 . 0 0 3  < t < 0 . 4 )  shows t h a t  t h e  r a d i a t i o n
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reg ime i s  i n  t h e  o p t i c a l l y  t h i n  l i m i t .  The g r a y ,  n o n g r a y ,  and o p t i c a l l y  
t h i n  l i m i t  f o r m u l a t i o n  a r e  em ployed ,  and r e s u l t s  c o n f i r m  t h a t  t h e
r a d i a t i o n  reg ime i s  i n  t h e  o p t i c a l l y  t h i n  l i m i t .  Fo r  t h e  p h y s i c a l
c o n d i t i o n s  o f  t h e  p r o b le m ,  no s i g n i f i c a n t  d i f f e r e n c e  in  r e s u l t s  i s  
o b s e r v e d  f o r  t h e  two y - l o c a t i o n s .  The s o l u t i o n  o f  t h e  g r a y  f o r m u l a t i o n  
i n  ODE form p ro v e s  t o  be ab o u t  t e n  t i m e s  more e f f i c i e n t  t h a n  t h e
s o l u t i o n  of  t h e  g e n e r a l  f o r m u l a t i o n  on t h e  v e c t o r  p r o c e s s i n g  co mp ut er
( t h e  gr ay  f o r m u l a t i o n  u s e s  0 . 0 5 6  CRU's p e r  i t e r a t i o n ,  w h i l e  t h e  g e n e r a l  
f o r m u l a t i o n  u s e s  0 . 5 7  CRU's p e r  i t e r a t i o n ) .  The o p t i c a l l y  t h i n  
f o r m u l a t i o n  i s  s l i g h t l y  more e f f i c i e n t  th a n  t h e  gray  f o r m u l a t i o n .  All  
o t h e r  r e s u l t s  p r e s e n t e d  i n  t h i s  s t u d y  have been o b t a i n e d  by u s i n g  t h e  
pseudo gray  gas f o r m u l a t i o n .
To i n v e s t i g a t e  t h e  e f f e c t s  o f  r a d i a t i v e  e n e rg y  t r a n f e r  i n  
c h e m i c a l l y  r e a c t i n g  f l o w s ,  p r emixed  hydrogen  and a i r  w i t h  an e q u i v a l e n c e  
r a t i o  of  u n i t y  was s e l e c t e d .  S p e c i f i c  r e s u l t s  a r e  o b t a i n e d  f o r  o n e -  and 
tw o - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r  w i th  t h e  p h y s i c a l  geomet ry  o f  F i g s .  
5 .1  and 5 . 3 2 ,  r e s p e c t i v e l y .  For  t h e  o n e - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r ,
t h e  i n l e t  c o n d i t i o n s  c o n s i d e r e d  a r e  P = 1 a tm,  T = 1700,  M = 4 . 5 .
00 00 00
For t h e  p h y s i c a l  c o n d i t i o n s  o f  t h e  p rob le m ,  t h e  r a d i a t i o n  p a r t i c i p a t i n g  
s p e c i e s  produc ed  due t o  t h e  ch emica l  r e a c t i o n  e s s e n t i a l l y  a r e  OH and 
H2 O. The r a d i a t i v e  i n t e r a c t i o n  i s  s t a r t e d  a t  a b o u t  X/Lx = 0 . 2 0  t o  make 
s u r e  t h a t  t h e r e  a r e  s i g n i f i c a n t  amounts of  OH and H2 O produced  by t h e  
r e a c t i o n  f o r  a c t i v e  p a r t i c i p a t i o n .  This r e s t r i c t i o n  was removed l a t e r  
and r a d i a t i v e  i n t e r a c t i o n s  s t a r t  a t  t h e  i n l e t  f o r  t h e  re m a in in g  
r e s u l t s .  The p r e s s u r e  c o n t o u r s  f o r  t h e  f low w i t h o u t  and w i th  chemica l  
r e a c t i o n  a r e  shown in  F i g s .  5 . 4 0  and 5 . 4 1 .  A co m par i so n  o f  t h e  p r e s s u r e  
c o n t o u r s  shows t h a t  t h e  shock a n g l e  has  i n c r e a s e d  in  t h e  c a s e  o f  t h e
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r e a c t i n g  f l o w .  Th is  i s  due t o  a r e l a t i v e l y  t h i c k e r  b ou nd a ry  l a y e r  and 
cha ng es  i n  t h e  t h e r m o p h y s i c a l  p r o p e r t i e s  o f  t h e  m i x t u r e .
The v a r i a t i o n s  in  s p e c i e s  c o n c e n t r a t i o n  a l o n g  t h e  channel  a r e  
i l l u s t r a t e d  i n  F i g .  5 . 4 2  f o r  c h e m i c a l l y  r e a c t i n g ,  and c h e m i c a l l y  and 
r a d i a t i n g  f l o w s .  I t  i s  found t h a t  due t o  t h e  r a d i a t i v e  i n t e r a c t i o n ,  t h e  
c o n c e n t r a t i o n  o f  OH i n c r e a s e s  by ab out  f i v e  p e r c e n t  and t h e  c o n c e n t r a ­
t i o n  o f  H£ 0  d e c r e a s e s  by t h e  same amount .  I t  s h o u l d  be n o t e d  t h a t  t h e
r a d i a t i v e  i n t e r a c t i o n  has  no s i g n i f i c a n t  e f f e c t  on O2  and H£. The 
e f f e c t  o f  r a d i a t v e  h e a t  t r a n s f e r  on t h e  t e m p e r a t u r e  i s  a l m o s t  
n e g l i g i b l e .
The e f f e c t s  o f  t w o - d i m e n s i o n a l  r a d i a t i v e  t r a n s f e r  in  c h e m i c a l l y  
r e a c t i n g  f l o w s  was i n v e s t i g a t e d  f o r  t h e  p h y s i c a l  p ro b lem  o f  F i g .  5 . 3 2 .  
Premixed  hydrogen  and a i r  w i t h  an e q u i v a l e n c e  r a t i o  o f  u n i t y ,  and i n l e t
c o n d i t i o n s  o f  P = 1 a tm ,  T = 900 K, M = 4 . 0  were  s e l e c t e d .00 ' 0 0  CO
F i g u r e s  5 . 4 3 - 5 . 4 6  a r e  t h e  c o n t o u r  p l o t s  o f  t h e  r e a c t a n t s  and p r o d u c t s .  
As e x p e c t e d ,  t h e  d e s t r u c t i o n  and p r o d u c t i o n  o f  t h e  s p e c i e s  o c c u r r e d  o n ly
in  t h e  bou nd ary  l a y e r s  and a f t e r  t h e  s h o c k ,  where t h e  t e m p e r a t u r e  i s
g r e a t e r  t h a n  1000 °K. F i g u r e s  5 . 4 7  and 5 . 4 8  a r e  c o n t o u r  p l o t s  o f  t h e  
p r e s s u r e  w i t h o u t  and w i t h  ch e m ic a l  r e a c t i o n .  I t  s h o u l d  be o b s e r v e d  t h a t  
t h e  c o m p r e s s i o n  shock i s  cu rve d  when chemi ca l  r e a c t i o n  t a k e s  p l a c e .  A
s e r i e s  o f  shock waves i s  c r e a t e d  due t o  t h e  p r e s s u r e  i n c r e a s e  caused  by
a sudden h e a t  r e l e a s e  from chemica l  r e a c t i o n .  I n t e r a c t i o n  o f  t h e s e
shock  waves w i t h  c o m p r e s s i o n  shoc ks  i n c r e a s e s  t h e  shock s t r e n g t h ,  and 
t h i s  c a u s e s  t h e  shock t o  c u r v e .
F i g u r e  5 . 4 9  i l l u s t r a t e s  t h e  v a r i a t i o n  o f  n o n d i m e n s i o n a l  y - r a d i a t i v e  
f l u x  f o r  s e v e r a l  l o c a t i o n s  a c r o s s  t h e  c h a n n e l .  The r a d i a t i v e  f l u x  i n
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5 . 4 9  V a r i a t i o n  o f  normal r a d i a t i v e  f l u x  w i t h  x f o r  a cha nne l  w i t h  10°
c o m p r e s s i o n  c o r n e r  (H = 4 ) .
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t h e  y - d i r e c t i o n  i s  n e g l e g i b l e  b e f o r e  t h e  sh o c k ;  t h i s  i s  due t o  t h e  
a l m o s t  sy m m e t r i c a l  c o n d i t i o n  and lo w er  p r e s s u r e  and t e m p e r a t u r e .  The 
r a d i a t i v e  f l u x  s u b s t a n t i a l l y  i n c r e a s e s  a f t e r  t h e  shock  due t o  t h e  
i n c r e a s e  i n  p a r t i c i p a t i n g  s p e c i e s ,  p r e s s u r e ,  and t e m p e r a t u r e .  R a d i a t i v e  
f l u x  d e c r e a s e s  away from t h e  lo w e r  boundary  due t o  t h e  r e d u c t i o n  i n  
t e m p e r a t u r e .  The r a d i a t i v e  f l u x  i n  a s t r e a n w i s e  d i r e c t i o n  i s
i l l u s t r a t e d  i n  F i g .  5 . 5 0 .  I t  peaks  a t  a s h o r t  d i s t a n c e  from t h e  
b o u nda ry  and t h e n  g r a d u a l l y  d e c r e a s e s  to ward  t h e  c e n t e r  o f  t h e
c h a n n e l .  The peak i s  due t o  t h e  p r e s s u r e  g r a d i e n t  c a u s e d  by t h e  l e a d i n g  
edge  bo w-sho ck .  The r a d i a t i v e  f l u x  (qRx) remains  c o n s t a n t  in  t h e  r e g i o n  
w i t h  no chem ica l  r e a c t i o n ,  and g r a d u a l l y  d e c r e a s e s  i n  t h e  r e g i o n  w i th
che m ic a l  r e a c t i o n .  The r e d u c t i o n  i n  qRx i s  caused  by c a n c e l l a t i o n  of
f l u x e s  i n  p o s i t i v e  and n e g a t i v e  d i r e c t i o n s .
F i g u r e s  5 . 5 1  and 5 .5 2  i l l u s t r a t e  t h e  r a d i a t i v e  f l u x  f o r  t h e  same 
i n l e t  c o n d i t i o n s  as  i n  F i g .  5 .3 2  b u t  f o r  t h e  15° c o m p re s s io n  c o r n e r .  
Comparing t h e  r e s u l t s  o f  F i g s .  5 . 4 9  and 5 . 5 1 ,  i t  i s  n o t e d  t h a t ,  due t o  
t h e  i n c r e a s e  of  shock s t r e n g t h ,  t h e  r a d i a t i v e  f l u x  in  y - d i r e c t i o n  has  a 
s t e e p  g r a d i e n t  t h r o u g h  t h e  s h o c k .  A f t e r  t h e  s h o c k ,  i t  g r a d u a l l y  
d e c r e a s e s  as some of  t h e  r a d i a t i v e  f l u x  from lo w e r  boundary  g e t s  
c a n c e l e d  f rom t h e  r a d i a t i v e  f l u x  o f  t h e  up p e r  bo und ary  l a y e r .  F i g u r e  
5 . 5 2  i s  t h e  i l l u s t r a t i o n  o f  t h e  s t r e a m w i s e  f l u x  a l o n g  t h e  channe l  f o r  
s e v e r a l  l o c a t i o n s  a c r o s s  t h e  c h a n n e l .  Comparing t h e  r e s u l t s  w i th  t h e  
r e s u l t s  o f  F i g .  5 . 5 0 ,  i t  i s  no te d  t h a t  t h e  r a d i a t i v e  f l u x  i n c r e a s e s  
c o n s i d e r a b l y  w i t h  i n c r e a s i n g  t h e  shock  a n g l e .
F i g u r e s .  5 .5 3  and 5 .5 4  i l l u s t r a t e  s i m i l a r  r e s u l t s  as  p r e s e n t e d  in  
F i g s .  5 . 4 9  and 5 . 5 0  f o r  t h e  same f r e e s t r e a m  c o n d i t i o n s  b u t  f o r  M = 6 .* OO
By i n c r e a s i n g  t h e  flach number t h e  shock  a n g l e  d e c r e a s e s .  As a r e s u l t ,
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F i g .  5 . 5 0  V a r i a t i o n  o f  s t r e a m w i s e  r a d i a t i v e  f l u x  w i t h  x channel  w i t h  10°
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F i g .  5 . 5 4  V a r i a t i o n  o f  s t r e a m w i s e  r a d i a t i v e  f l u x  w i t h  x i n  a chan ne l  w i t h  10°
c o m p r e s s i o n  c o r n e r  (M = 6 ) .
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t h e r e  i s  no che mi ca l  r e a c t i o n  a t  y = 0 . 5  cm. T h e r e f o r e ,  s t r e a m w i s e  
r a d i a t i v e  f l u x  a t  t h i s  l o c a t i o n  r e d u c e s  t o  z e r o .  I t  i s  n o t e d  t h a t  t h e  
r a d i a t i v e  f l u x  i n c r e a s e s  s u b s t a n t i a l l y  by i n c r e a s i n g  t h e  Mach number .
F i g u r e  5 . 5 5  i l l u s t r a t e s  t h e  v a r i a t i o n s  i n  s p e c i e s  mass f r a c t i o n  f o r  
two l o c a t i o n s  (y = 0 . 0 2  and 0 . 2  cm) a c r o s s  t h e  c h a n n e l .  At y  = 0 . 0 2  cm, 
where  t h e  v a l u e  o f  t o t a l  e n e r g y  i s  r educ ed  by t h e  qRx ( q Rx d i r e c t i o n  i s  
from o u t l e t  t o  i n l e t ) ,  l e s s  i s  p r o d u c e d .  A f t e r  t h e  s h o c k ,  more f^O 
has  been  p r o d u c e d ,  f o r  b o th  l o c a t i o n s  b e c a u s e  t h e  t o t a l  e n e r g y  i s  
i n c r e a s e d  by qRy. I t  s h o u l d  a l s o  be no te d  t h a t  a t  l o c a t i o n s  where  t h e  
t o t a l  e n e r g y  i s  r e d u c e d  l e s s  o f  t h e  r e a c t a n t  (O2 ) i s  u sed  ( F i g .  5 . 5 6 ) .  
The t e m p e r a t u r e  v a r i a t i o n  f o r  c h e m i c a l l y  r e a c t i n g ,  and r e a c t i n g  and 
r a d i a t i n g  f lo w s  a l o n g  t h e  c hann e l  a r e  i l l u s t r a t e d  f o r  two l o c a t i o n s  (y =
0 . 0 2  and 0 . 2  cm) i n  F i g .  5 . 5 7 .  At l o c a t i o n  y  = 0 . 0 2 ,  where  t h e  v a l u e  o f  
qRx i s  g r e a t e s t  i n  c om pa r i s on  t o  t h e  o t h e r  l o c a t i o n s ,  t h e  t e m p e r a t u r e  
has been r e d u c e d .  At y  = 0 . 2 ,  t h e r e  i s  no change  i n  t h e  t e m p e r a t u r e  
b e f o r e  t h e  shock b e c a u s e  t h e r e  a r e  no p a t i c i p a t i n g  s p e c i e s .  A f t e r  t h e  
s h o c k ,  t e m p e r a t u r e  has  s l i g h t l y  i n c r e a s e d  o v e r  t h e  n o n r a d i a t i n g  c a s e ;  
t h i s  i s  due t o  t h e  c o n t r i b u t i o n  from qRy .
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C h a p t e r  6  
CONCLUSIONS
Based  on t h e  t h e o r y  and c o m p u t a t i o n a l  p r o c e d u r e  t h a t  have  been 
d e s c r i b e d ,  two a l g o r i t h m s  were  d e v e lo p e d  t o  s o l v e  t h e  c o n t i n u i t y ,  
momentum, e n e r g y ,  and s p e c i e s  c o n t i n u i t y  e q u a t i o n s  f o r  n o n r e a c t i n g ,
r e a c t i n g ,  r a d i a t i n g  and r e a c t i n g  s u p e r s o n i c  c hann e l  f l o w s .  The f i n i t e
volume a l g o r i t h m  w i t h  t h e  a p p r o p r i a t e  damping scheme prov ed  t o  be
a c c u r a t e ,  n o n - o s c i l l a t o r y  and r o b u s t  f o r  r e a c t i n g  and n o n r e a c t i n g ,
v i s c o u s  and i n v s i c i d  f l o w s .  The s u p e r s o n i c  v i s c o u s  and i n v i s c i d  f lo w s  
i n  a channe l  w i t h  t e n  d e g r e e  c o n p r e s s i o n - e x p a n s i o n  ramps a t  t h e  lo w e r  
wa l l  were s o l v e d  by b o th  t h e  f i n i t e - v o l u m e  and f i n i t e - d i f f e r e n c e  
sc hem es .  The r e s u l t s  o f  v i s c o u s  f l ow  were compared w i t h  t h e  r e s u l t s  o f  
t h e  upwind scheme of  Roe.  The f i n i t e - v o l u m e  scheme r e q u i r e d  more g r i d  
p o i n t s  i n  t h e  b o u n d a ry  l a y e r  and sh ocks  t h a n  d i d  t h e  f i n i t e  d i f f e r e n c e  
scheme.  Th er e  i s  an e x c e s s i v e  amount o f  a r t i f i c i a l  v i s c o s i t y  due t o  t h e  
h i g h l y  s t r e t c h e d  g r i d  i n  t h e  bo unda ry  l a y e r ,  n e a r  h ig h  g r a d i e n t  r e g i o n s  
( l i k e  c o m p r e s s i o n  o r  e x p a n s i o n  c o r n e r s ) .  However,  t h i s  p r obl em  can be 
a l l e v i a t e d  by i n c r e a s i n g  t h e  g r i d  p o i n t s  in  t h e  h ig h  g r a d i e n t  r e g i o n s  i n  
t h e  f l ow  d i r e c t i o n s .
The s u p e r s o n i c  p r e - m i x e d  h y d r o g e n - a i r  f l ow  w i t h  e q u i v a l e n c e  r a t i o  
o f  u n i t y  was s o l v e d  by b ot h  f i n i t e  d i f f e r e n c e  and f i n i t e  volume schemes 
i n  a c ha nn e l  w i t h  a t e n  d e g r e e  co m p ress io n  c o r n e r .  The f lo w  was i g n i t e d  
by t h e  shock  wave from t h e  c o m p re s s io n  c o r n e r .  The r e s u l t s  o f  f i n i t e
127
R eproduced  with perm ission o f the copyright owner. Further reproduction prohibited without perm ission.
128
volume scheme compared  v e r y  wel l  w i t h  t h e  r e s u l t s  o f  t h e  f i n i t e  
d i f f e r e n c e  schem e.  F i n i t e  volume scheme d id  n o t  show t h e  o s c i l l a t i o n  
which  was o b s e r v e d  i n  t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n .
In t h e  h y p e r s o n i c  p r o p u l s i o n  s y s t e m ,  t h e  t e m p e r a t u r e  r a n g e s  from 
one t o  f i v e  t h o u s a n d  d e g r e e s  K e l v i n .  In t h i s  r a n g e ,  v a r i o u s  no n sy n -  
m e t r i c  m o l e c u l e s  become h i g h l y  r a d i a t i v e  p a r t i c i p a t i n g .  O n e -d im e n s io n a l  
r a d i a t i v e  f l u x  was i n c l u d e d  i n  t h e  e n e r g y  e q u a t i o n  f o r  t h e  s o l u t i o n  o f  
n o n r e a c t i n g  s u p e r s o n i c  f l ows  be tween  p a r a l l e l  p l a t e s .  I t  was c o n c lu d e d  
t h a t  t h e  r a d i a t i v e  f l u x  i n c r e a s e s  w i t h  t h e  i n c r e a s e  o f  p r e s s u r e ,  
t e m p e r a t u r e ,  and p a r t i c i p a t i n g  s p e c i e s .  In t h e  c a s e  o f  f low w i t h o u t  
chem ic a l  r e a c t i o n ,  most  o f  t h e  e n e r g y  t r a n s f e r r e d  was by c o n v e c t i o n  i n  
t h e  d i r e c t i o n  of  f l o w .  As a r e s u l t ,  t h e  r a d i a t i v e  i n t e r a c t i o n  d i d  no t  
a f f e c t  t h e  f l o w  f i e l d  s i g n i f i c a n t l y .
F i n a l l y ,  t w o - d i m e n s i o n a l  r a d i a t i v e  i n t e r a c t i o n  was i n v e s t i g a t e d  f o r  
s u p e r s o n i c  c h e m i c a l l y  r e a c t i n g  f low i n  a cha nne l  w i t h  a c o m p re s s io n  
c o r n e r .  Some i m p o r t a n t  r e s u l t s  were  o b t a i n e d  by c o n s i d e r i n g  t h e  
r a d i a t i v e  f l u x  i n  b o th  d i r e c t i o n s .  The r e s u l t s  r e v e a l e d  t h a t  r a d i a t i o n  
can  have a s i g n i f i c a n t  i n f l u e n c e  on t h e  e n t i r e  f l o w  f i e l d ;  however ,  t h e  
i n f l u e n c e  i s  s t r o n g e r  i n  t h e  bounda ry  l a y e r s .  I t  was found  t h a t  due t o  
t h e  t e m p e r a t u r e  i n c r e a s e  by chemica l  r e a c t i o n ,  r a d i a t v e  t r a n s f e r  in  t h e  
s t r e a m w i s e  d i r e c t i o n  can have a s i g n i f i c a n t  e f f e c t  on t h e  f low f i e l d .  
R a d i a t i v e  h e a t  t r a n s f e r  i s  a s t r o n g  f u n c t i o n  o f  t h e  p r e s s u r e  
p a t h l e n g t h .  By i n c r e a s i n g  t h e  d im e n s i o n s  f rom t h e  model geome t ry  t o  
p h y s i c a l  g e o m e t r y ,  p a t h l e n g t h  and ,  t h e r e f o r e ,  r a d i a t i v e  h e a t  t r a n s f e r  
w i l l  i n c r e a s e .  I t  i s  c o n c lu d e d  t h a t  r a d i a t i v e  h e a t  t r a n s f e r  in  t h e  
h y p e r s o n i c  p r o p u l s i o n  can have  a s i g n i f i c a n t  e f f e c t  on t h e  e n t i r e  f l ow  
f i e l d .  I t  was a l s o  found  t h a t  t h e  n um er ica l  scheme based  on t h e  p s e u d o ­
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g r a y  gas f o r m u l a t i o n  f o r  t h e  r a d i a t i v e  f l u x  i s  h i g h l y  e f f i c i e n t  as  
compared t o  t h e  scheme ba se d  on t h e  nongray  f o r m u l a t i o n ,  e s p e c i a l l y  f o r  
t h e  v e c t o r  p r o c e s s i n g  c om pu te r s  ( o v e r  t e n  t i m e s ) .  I t  i s  c o n c l u d e d  t h a t  
f o r  t h e  s u p e r s o n i c  c h e m i c a l l y  r e a c t i n g  f l o w s  t h e  r a d i a t i o n  i s  in  
o p t i c a l l y  t h i n  l i m i t  f o r  t h e  p h y s i c a l  c o n d i t i o n s  c o n s i d e r e d  i n  t h i s  
s t u d y .
I t  i s  s u g g e s t e d  t h a t  f u t u r e  s t u d y  i n c l u d e  g r i d  a d a p t i o n  t o  t h e  
f i n i t e  volume scheme f o r  b e t t e r  shock r e s o l u t i o n .  For  s t e a d y  s t a t e  
s o l u t i o n ,  i t  i s  s u g g e s t e d  t h a t  t h e  m u l t i  g r i d  and r e s i d u a l  sm oo th in g  be 
use d  t o  sp e e d  up t h e  c o n v e r g e n c e .  The e f f e c t  o f  r a d i a t i v e  h e a t  t r a n s f e r  
i n  no n -p rem ix ed  c h e m i c a l l y  r e a c t i n g  f low s h o u ld  a l s o  be i n v e s t i g a t e d .
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APPENDIX A
DERIVATION OF CONDUCTION HEAT FLUX TERMS
To s i m p l i f y  Eqs.  ( 2 . 3 )  t o  E q s .  ( 2 . 4 ) ,  t h e  Lewis number i s  assumed 
t o  be u n i t y .  T h is  s i m p l i f i c a t i o n  i s  c a r r i e d  o u t  in  d e t a i l  f o r  Eq. 
( 2 . 3 b )  and t h e  same i s  a p p l i e d  t o  Eq.  ( 2 . 3 a ) .  Us ing t h e  e x p r e s s i o n s  f o r  
t h e  t h e r m a l  d i f f u s i v i t y  ( a )  and  Lewis number (Le ) ,  Eq. ( 2 . 3 b )  can be 
e x p r e s s e d  as
D e f i n i n g  t h e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t  D in  t e r m s  o f  t h e  P r a n d t l  and 
Lewis number Eq.  ( A . l )  can  be e x p r e s s e d  as
Pr  = v / a
n _ a _ v / P r  _ u
a  = K/pC
P
Le  = a / D
( A . l )
( A . 2)
where
m
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The s t a t i c  e n t h a l p y  o f  t h e  m i x t u r e  i s  g iv e n  by t h e  r e l a t i o n
m „ T
h = Z [ h ?  + /  Cn d „ ]  f ,  (A.3)
i = l  1 o p i
I t  s h o u l d  be n o te d  t h a t  n i s  a dummy v a r i a b l e  employed t o  e v a l u a t e  t h e
s e n s i b l e  e n t h a l p y .  Us ing  t h e  L e i b n i t z  f o r m u l a ,  Eq.  (A.3) i s
d i f f e r e n t i a t e d  t o  o b t a i n
. .  m T a f -  ah?
I  ■ £  l'h? + /0 % w dl,) «r * fi IF
T 3CP . (ti) t
+ f -  f -------- —  dn + f . C (T) | i l  (A .4)
i J 0 ay  ^ i p.,. ' ayJ
The c o e f f i c i e n t s  o f  t h e  f i r s t  d i f f e r e n t i a l  on t h e  r i g h t  hand s i d e  i s
equa l  t o  h^ and t h e  s econd  and t h i r d  t e r m s  a r e  i d e n t i c a l  t o  z e r o ,
t h e r e f o r e ,  Eq. ( A .4) r e d u c e s  t o
l ! l  = £ [ h .  —  + f . C — 1
ay i =1 L i ay i p, a y J
o r
m 3f .
I l l  = £ h . — -  + C ^  ( A . 5)
ay j =1 i ay p ay
S u b s t i t u t i n g  Eq.  ( A . 5) i n t o  Eq. ( A . 2 ) ,  qcy i s  e x p r e s s e d  as
c = -  Hcy Pr  ay
o r
q = —cy Pr  ay
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APPENDIX B
RADIATIVE FLUX EQUATIONS FOR NONGRAY GASES
In t h i s  a p p e n d i x ,  Eqs .  ( 3 . 2 7 )  and ( 3 . 2 8 )  a r e  r e a r r a n g e d  and w r i t t e n  
a s  t h e y  a r e  e x p r e s s e d  i n  [ 1 2 ] .  The f i r s t  i n t e g r a l  i n  Eq.  ( 3 . 2 7 )  can be 
w r i t t e n  as
/  evC( y , ) A , ( y - y , )dY' = /  CevC( y ' ) -  e ^ ]  A* ( y - y 1 )dy*
+ e I  A ' ( y - y ' )  d y ’ 
V L 1 o
+ e vCj M y )  ( B . l )
The second i n t e g r a l  in  Eq. ( 3 . 2 7 )  can be w r i t t e n  as
L L
J  e vC( y 1 )A’ ( y ' - y ) d y '  = /  [ e vC( y ' )  -  e vC ]  A ' f y ' - y j d y '  
y  y
L
+ /  e A1 ( y ' - y ) d y '  
y  2
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Upon s u b s t i t u t i n g  Eqs .  ( B . l )  and (B.2)  i n t o  Eq. ( 3 . 2 7 ) ,  t h e  r e s u l t  can 
be w r i t t e n  as
V  s  e l  •  e 2 -  e v c t  A(y)  + e vC2A(L- y )  + l g Cev c ( y '> -  e'v CI ] A ' ( y - y ' )
+ % c H y )  -  1^ [ e vC( y ' )  -  « ' ( y ' - y ) d y ‘ -  e ^ A U - y )  ( B .3 )
E q u a t i o n  (B .3 )  can be s i m p l i f i e d  t o
qr = e x -  e 2  + /  [ e vC( y ' )  -  ( y - y 1 )d y '  -  / ^ ( y 1)
-  e ir ] A ' ( y ' - y )  dy (B .4 )
2
E q u a t i o n  (B .4 )  i s  t h e  same as Eq. ( 3 . 2 9 )  i f  i t  i s  w r i t t e n  f o r  m u l t i - b a n d  
g a s e o u s  s y s t e m .  The f i r s t  i n t e g r a l  i n  Eq.  ( 3 . 2 8 )  can be w r i t t e n  as
/ y [ e vC(y)  -  e vC( y ‘ ) ] A ' 1 ( y - y ‘ ) d y 1 = /  [ e vC -  e vC( y ' ) ]  A " ( y - y , ) d y '  
o o 1
-  /  Ce vC -  e vC( y ) ] A ' ' ( y - y ' J d y 1 
o 1
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A evc -  e vC( y ' ) W ( y - y ' W  + I> vC + e vC( y ) ]  A* ( y - y 1) 
o 1  1
/ y  Cevc  “ e v c ( y , ) ]  A , , ^ - y , )dyl  + [ e vCl ■ e vC( y ) ] A ' (0 )  
0  1  1
The se con d i n t e g r a l  i n  Eq.  ( 3 . 2 9 )  can  be w r i t t e n  as
L L
J  [ e vC(y )  “ e vC( y , ) ] A , , ( y , - y ) d y '  = J  [ e vC -  e ^ f y ' J A ' ' ( y ' - y ) d y '
y  y
L
■ /  Ee „ r  "  e ,i r ( y ) ] A' ( y - y ' ) dy
y  VL2 V
= f L [ e  -  s c ( y ' ) W ' ( y , - y)<i y'  
y  V C 2
[ e , c 2  ‘  V ( y ) ] A , ( y ' - y , ly
L
/  [e  .  -  e ( y ' ) W ' ( y ' - y ) d y '
y  V L 2
■ [ x  -  X y >] A ' ( 0 > (B- 6)
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S u b s t i t u t i n g  E q s .  ( B .5 )  and (B . 6 ) i n t o  Eq. ( 3 . 2 8 )  can be w r i t t e n  a s  
v q r  = Cev r ( y )  -  e ^ A ' f y )  + [ e vC( y )  -  e x i l ' d - y )
-  /  [ e vC -  e ( y ' ) ] A ' ’ ( y - y ' ) d y 1
o 1
-  ^  -  e vC< y W < 0 ) + [ e vCl -  e vc ( y ) ] A ' (y)
-  /  [ e vC^ -  e vC( y ' ) ] A " ( y , - y ) d y '
* [ % c 2  -  V ( y ) ] A ' ( U y )  -  t e v c 2  -  <B' 7 >
E q u a t i o n  (B .7 )  can be s i m p l i f i e d  and w r i t t e n  as
vqr = C(ev [ (y) -  e ^ )  + (evC(y) - e ^ J A ' f O )
y L
+ J Ce v c ( y ' )  -  e vC ] A " ( y - y ' ) d y '  + /  CevC( y ' )  -  e vC ] A " ( y ' - y ) d y ’ 
0 1  y 2  (B>8)
E q u a t io n  ( B . 8 ) i s  e x a c t l y  l i k e  Eq. ( 3 . 3 0 )  i f  i t  i s  w r i t t e n  f o r  a m u l t i ­
band s y s t e m .
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APPENDIX C
COMPONENTS OF JACOBIAN MATRIX
In t h i s  a p p e n d i x ,  t h e  s p e c i e s  m a t r i x  i n  t h e  l e f t  hand s i d e  b r o c k e t  
o f  Eqs .  ( 4 . 8 )  and ( 4 . 1 4 )  i s  e v a l u a t e d .  The s o u r c e  te r m  i s  f u n c t i o n  o f
and t e m p e r a t u r e  dependency  i s  n e g l e c t e d  f o r  c o m p u t a t i o n a l  e f f i c i e n c y .  
Eklund  e t  a l .  [ 5 7 ]  e v a l u a t e d  t h e  s p e c i e s  J a c o b i a n  m a t r i x  w i t h  and 
w i t h o u t  d e n s i t y  and t e m p e r a t u r e  dependency  and found no d i f f e r e n c e  i n  
t h e  s t e a d y  s t a t e  s o l u t i o n s .  The components of  J a c o b i a n  m a t r i x  a r e  as 
f o l l o w s :
aH
d e n s i t y ,  t e m p e r a t u r e  and v a r i o u s  s p e c i e s .  In e v a l u a t i n g  j g ,  t h e  d e n s i t y
H. = W. = C. M.
C, = ( p f , / m , )  X
,  g -  mal-3 3m
1 0  T T "
(C.1)
( 0 . 4 )
(C.3)
(C.2)
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3\
SV  " ' " ' I  V  5. 2 2
\ ~ o ' ' Z \ \ o  V  . 2 2
3Wh
« £  = ' 5  °°2 ‘ 5  C“H
= 2 V  fL„  C0 H “ 2  Kf 0  fL„  C0 H °H3U( 
3 W,
OH
H2°
1 OH
= 0
’f y
^ = -4 S V
3V
5 7
s \ o
= 2 K
v ,
— —  c 
f 2 f,H? ° H 
rr.
» V  = 4 5  ”0H C°H \
(C. 5)
( C . 6 )
(C.7)
( C . 8 )
(C.9)
(C.10)
( C . l l )
(C.12)
aWOH ^Hc
3lL fL  H
0 . 2 02 2
3W,
OH
fl,
3U
4 K
OH
H2°
b2 HH20 H2°
3W° H - 2 K  2  K ^  C2
3 U.. "  f .  n „  o .  f .  n., oh
H 1 "H2  2 2 H
3W
OH
■ ■ •  \  ■ «  •  ■ %  ■ »  • > ,
(C.13)
(C.14)
(C.15)
(C.16)
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APPENDIX D
RADIATIVE FLUX EVALUATION FOR PSEUDO GRAY MODEL
T h i s  a p p e n d i x  shows t h e  d i s c r e t i z a t i o n  and e v a l u a t i o n  o f  t h e  
r a d i a t i v e  f l u x  f o r  t h e  y - d i r e c t i o n .  The s a n e  t h i n g  can be a p p l i e d  i n  
t h e  s t r e a m w i s e  d i r e c t i o n .  E q u a t i o n s  ( 3 . 1 7 )  and  ( 3 . 1 8 )  i n  t h e  in­
d i r e c t i o n  a r e  w r i t t e n  a s  f o l l o w s :
^  - 1 K2 (y)  , r(y) .  3K(y) L
dy
K(y)  -  ? ) q r (y )  
K( y)  ( f  -  \ )
y = 0
y=L
i  dqr (y)  
' 3 dy
3 dy
= 0
y = 0  
= 0
y=L
d 2 q r
dy5"
where
s ' W  Bj s y j
and g .  =
r qj + l  ~ qj  .  qj  " qJ - l -. 
L « .  a v  .  ^ y  •
y j + i  ~ y :
Ayj  ~ y j  " y j - l  " "  "j y j  -  y j ml
E q u a t i o n s  ( D .1 - D .3 )  in  d i s c r e t e  forms  a r e  w r i t t e n  as
( D . l )
( 0 .2 )
( 0 . 3 )
The above  e q u a t i o n s  a r e  d i s c r e t i z e d  by c e n t r a l  d i f f e r e n c i n g .  The second 
d e r i v a t i v e  o f  q r  i n  t h e  p h y s i c a l  domain i s  d i s c r e t i z e d  as
( 0 . 4 )
A y j ( l +B j )
qj - l  " t Ay. (1+6-)  • Ay. + A y J  + 4 Kj ]  qj
' J  " J ' J J 
2 e . , , - e .  e . - e .
Ay2 ( l+ B - )B .  J+1V  J J
q i + 1  + (D-5)
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Wej ' 2^ + 3AyJ ql ' 3/  ^ q2 = ° (D.6)
W T  q J - l  + ^ e ,  '  2^ KJ  + qJ  = °
(D.7)
The above  can be w r i t t e n  i n  m a t r i x  form as
A B O  ...........................  0  q p Rj
C A B O  .................. 0 - 1 R,
•  •  £
qr = : ( D. 8): 0 C A B Hr J _ 1
0 ..........................  O C A  q R,
rJ  u
where
r 1 U  , 1
A1 , 1  " K 1  '  2  ^ + ~ W [
l _ r 2  r 1 , 1 '  9, |^ 21 # .
i , j  " S^Ay^ A y J  4 j J  ’
K.,(77 -  7 )  *' I , J  ‘\ n e 2  2 1 3Ayj
1 , 2  3Ay,
B. • x J 3 ,  J
AV 1 + 6 J )Bj
C.- ,  = ~ ^   j  = 2 , J  -  2
1 , J  A y ^ l + B j )
C = -  ^
i , J - 1  3 a7T
Rj  = 0 .
= 2,  J  -  1
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= 2 ,  J  -  1
Rj = 0.
The t r i - d i a g o n a l  m a t r i x  on t h e  l e f t  hand s i d e  o f  Eq. (D.8 ) i s  s o l v e d  
e f f i c i e n t l y  by t h e  Thomas a l g o r i t h m .
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APPENDIX E
BOUNDARY CONDITIONS FOR ADIABATIC WALL TEMPERATURES
The a d i a b a t i c  wal l  c o n d i t i o n  i s  g i v e n  as
i l
3y y=o
-  m
at = oy = 0
S u b s t i t u t i n g  f o r  t h e  t o t a l  e n t h a l p y ,  i t s  g r a d i e n t  i s  w r i t t e n  a s
3H
ay = l y  ( CpT t  + v‘ >/ 2 )y = 0
= 0
y = 0
( E . l )
(E .2 )
The v e l o c i t y  t e r n s  ( u ,  v) a r e  equa l  t o  z e r o  a t  t h e  boundary  f o r  t h e  
v i s c o u s  f l u i d .  Assuming s p e c i f i c  h e a t  i s  a c o n s t a n t  Eq. ( E . 2 )  r e d u c e  t o
M
9y y = 0
_ r  aT 
p ay y = 0
(E .3 )
S p e c i f i c  h e a t  i s  a c o n s t a n t ,  t h e r e f o r e ,  t e m p e r a t u r e  g r a d i e n t  must be 
eq ua l  t o  z e r o .  For  Pr  = 1 t o t a l  e n t h a l p y  remain c o n s t a n t ,  w h i l e  f o r  
v a r i a b l e  P r a n d t l  number t o t a l  e n t h a l p y  c h a n g e s ,  t h e  g r a d i e n t  remains  
v e ry  s m a l l .  T h e r e f o r e ,  a t  t h e  s o l i d  b o u n d a r y ,  one can e n f o r c e  t h e  z e r o  
e n t h a l p y  g r a d i e n t  by s e t t i n g
Hw = (E .4 )
S u b s t i t u t i n g  t h e  r e l a t i o n  f o r  t o t a l  e n t h a l p y  Eq.  (E .4)  i s  w r i t t e n  as
Cp Tw s t , T l *  ( U1 * Vl ) / 2 (E .5)
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T h e r e f o r e ,  t h e  a d i a b a t i c  w a l l  t e m p e r a t u r e  can  be a p p r o x i m a t e d  by
T = T. + (u? + v ? ) / 2  Cn . ( E . 6 )
w 1 1  1  p
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